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ON THE PRODUCT (ах+Ьу+с)(дх 


Bx 


P. KaNAGASABAPATHY, Ceylon 





(Communicated by the Secretary— Received. December, 28, 1957) 


1. Let az+by and ах + ey be two homogeneous linear forms in z, у of determinant 
1, with real coefficients, and suppose that neither form represents zero for integers x, y 
not both zero. Let с be any real number, not zero. In a paper published sometime ago 
(Kanagasabapathy, 1952), I proved that there exist integers 2, у not both zero, such that 


| 1 
+by+c)(d -FF 
| (ax + by + e) (de eg) |< >. 
In this paper, I prove that the result is still true if the number 4.95 is replaced 
by 4.25777. 


2 To prove this result, we need the following lemma. 


Lemma (Davenport, 1052). Let az by and dz-- ey be any two linear forms in æ, y 
of determinant 1, neither of which represents aero for integers x, y not both sero; and let 
с be any real number other then gero, Then there exists an integral unimodular transfor- 
mation from a, у to new variables u, v which transforma (ax + by + с) (4х + ey) into 

1 


us т) 


where 0О<Ф<1, 13а 6. (1) 


I now establish the following theorem. 
Theorem. Let ах + Бу + с and ах ey bo two forms as already defined. Then there 
exist integers æ, у not both вето, such’ that 


1 
| (az 4- by +c)(da+ey) | < IIT ` | 
Proof. By the Lemma, it is sufficient to show that, if 0, Ф, а satisfy (1), then there 
exists integers u, v not both zero such that 


0-9. 


| (и + v — a)(u — 9v) | < 495777 . 
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We assume the contrary, namely that 


_ @+о 
| u+6v—2)(u—9v)| > J3ETUT (2) 
for all integers u, v not both zero, and deduce a contradiction, 
We shall make frequent use of three cases of (2), namely 
0-0 
6—a)(1— AIT 
(Le8-9ü-e m pre, @) 
04-9 
9— TROPA 2 
арт (4) 
0-9 
1T20—34)|1—2 P DARLES A 
(1420-0) [1-29] See (5) 
Let n < x « n--1, whore n is a positive integer, Then from (2) we obtain 
_ 0-49 
17^ = Varr e) 
and nt+1l—-a> D (7) 


4°25777(n + 1) 
Hence, by addition, 


n(n +1) 


4'257 8 
2n+1 Se (8) 


0+ < 


From (8) and (6) we obtain 
049 


T= —— ——— AES REN 
°= ее ит 


(9) 


Since the right-hand side decreases as 6+ increases, we can replace 6+9 by its 
upper bound from (8), obtaining 








1- п(п + 1) 
* = PITT in +1) -n 1e он en 
Similarly, from (5), (0), (8) we obtain 
99 —1 n(n + 1) р 
| [2s теран) an реа: Ge 
and from (4), (6), (8) we obtain 
| gs n(n +1) (13) 


4.957 TIn(n + 1) —(2n + 1) 2n? -2n 1^ 
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Case 1, Suppose first that p «4. Combining (11) and (12), we get 


n(n +1) 9n(n +1) 


1 
> 8:51554n(n +1)  2(2n + 1)9 —2n? ИИС t1)-(2n + 1)9—2n? —5 —1 








Since the nght-hand side increases with Ф, and $ > 0, this implies 


CM EE ПЕРЕС ЖЕЕ 
&'51554—2/n(ni1) 29 25701—1[n(n 4 1) 


1 


9 
> va €um 


‚ for all n, 


> 0 188 + 0°885 


апа we have а contradiction. 
Case 9. Suppose next that 9 2» $. Then, by (11), 


(n +1) 
белш eis. eec c. МУТЕР з a 
Р 3 5issdn(n 1) -20n 1 1)e - 2f 


Since the right-hand side increases with 9, and > 4, we have 


1 


дуо eee, ы 
1-17 веть 


> 


1 
EMO ры : 
C 51564 › or all n 


Hence ; Ф > 0'5767 (18) 


Similarly, from (10) we obtain 


1 
1- А Кы БЕЗИ ЕНЕ 14 
* > yas ПРИ e 


> for all п, | 


m 
2.50771 ' 

> 0'898. 
Hence А < 0:602. (15) 
Further, by combining (4) and (6), we веб 


(n+ 9(8 9) 


0-n= 4°25777ng ` 


Hence, writing 6—n as (0+3) – (n + 9), we obtain 


1 1 a 
+ [3—- = | . 16 
= [aF што Ing S) 
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Again, 1$ 0—a > m, then, by (2), 
Ote 
6—9 — ; 
™ = F3srilm 39) 
Combining this inequality with (6), we obtain 


(0+ o)(m +7 + $) 
6-— AAT RINE T 
(m+n) = 4°25777n(m + 9) ` 
1 1 


g 
à DE | 
ence = m+nt+o 4°25777n(m +9) ш 


Similarly, if 0—9 <l, using (2) and (7), we obtain 


1 1 m 
ET [ | у 
S l+tnti+ọ + 4'25TT'I(n. + 1) (1+ ®) n 





We now consider ihe different values of n. 


(i) Letn=1, By (12) wo have 


2 
M ee ee аа, 
P= S51554—3o—8 


2 
> батир mo 
>09 
which contradicts (15). 
(й) Letn = 2. By (12) we have 
6 
*- 3 54062— 5$ 
> ——— Ê | вїшсе p> 0.5767 
12`54662— 5(0'5767) ' 


> 002 
which contradicts (15). 
(iii) Letn = 8. By (8) we have | 
6+ xz M4 25TTT) 


Hence 6+9<78 (19) 
By (10), we have Е ees 
38:09824 — 79 


19 ; 
| 5:07, 
> 5б 700758767), NCS * > 0.556 
. > 04198 
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Hence т < 0:5872. 
By (10) with n — 8, 


6+ = [= er eee Г 
P= 1349 12718919] ' 


Since the right-hand side decreases as $ increases and since 9 < 0.588, we have 


1 


"PE [=== ВРИЕ CMS |. 
>| 3-588 — (2 7781/0588) | ` 


ёл 


Hence 6-+ > 6 8728. (20) 


Suppose that 6—a > 8. Ву (17), with n = 8 and m = 8, we have 


1 -1 
9+ [+ Е єт | | 
?e|srs. 12778318- 3) 
Since the rnghi-hand side increases with Ф and 9 > 0'576, we have 


1 -1 
9 [== тает | 
+92 | 6576 (2778818:576) 
L 7.68 
which contradicts (10). Hence 6-« < 8. 
By (18), with п = 8 and 1 = 8, we have 


вне [Тыз 1 | 
749 17:08108(8+9) 1 ' 





Since the right-hand side increases with Ф and о < 0'588, we get 


1 
7588 ' (11051088588 


< 6'753, 


< з 


which contradicts (20). 


(iv) Letn= 4. Ву (8) we have 


6+ 9 < 29(4'25777) < 9:402 


Suppose that 0—« >> 4, ‘Then, since 9 > 0°57, we have, by (17) 


ee 


rods 
Pm E 57 (1T 08108) (4 57) ] 


> 9'68, 
which contradicts (21). Hence 6-а < 4. 
Ву (18) with n = 4, 1 = 4, and from the fact that Ф < 0'61, we obtain 
1 -Y 
MEI E n 
< 8757. А 
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0+9 " 
4°25777(8 + ?—9—3)—1(6-9)' 





Now, by (9), 1-# > 


"Binee the right-hand side decreases аз 0+ Ф increases, and @+o< 8'757, we have 


8.757 


eS 
*7 mE TT TI 





Again, since the right-hand side decreases as ọ decreases, and Ф > 0'576, we have 


| 8:757 
: * 7 Pa we) 3189 
> 044. 


Hence Ф < 0,56, which contradicts (18). 
(v) Letn= 5, By (8) we have 
9+ o (4725177) < 116121 (2t 
Ву (11), since 9 > 0'5767, we have 
80 
205°4662 — 22(0°5767) 
> 015559, 
Hences $ > 057779. 
Once again, by (11), since е [> 0'57779, we have 


29-1> 


- 80 
1 uU cM EA CRT 
= 205:4662 —92(0 57779) 


> 01556. 
Now, suppose that 0 —« > 5, By (17), since ¢ > 05778, we have 


1 1 -1 
"e Lacs Станбена] 
ЕИ 16-576 (21-28885) (55778) 


29— 


> 116192 
lich contradiets(22). Hence 6—a < 5. 


By (18) with l = n = 5 and from the fact that 0 < 0'61, we have 


1 1 i 
= 
Е [ Irei ' (25:54665)5:61) 


«10,75. 
Considering (9), and using the fact that 8 + o < 10°75 and 9 > 0'577, we obtain 


: 10°75 
=- (£25777) (6173) — 2°16 





à > 0:44. 
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; А 


Hence $ < 0'56 which contradicts (18). 
(ví) Letn 26, Ву (11), since $ > 05707, we have 


42 


TE E зы AO E 
?-1> as 65208 36005767) 


2 0 1551. 
Henoe 9 > 0.5776. (23) 
By (10), since $ > 0.5776, we have 


42 


1 =< 
* 7 10652684 — 1805778) 





> 0°4228. 
Hence ф < 0'5772, which contradicts (28), 


(vii) Letn = 7. Ву (10), since 9 > 0:5767, we have 


| 56 
ï= ze Еее 

pe 14048512 — 15(0-5767) 
> 04248. 


Hence 9 < 0:5752, which contradicts (18). 
(vii) Letnz8. Ву (14), we have 


1 
1- PERE e ec ыыы: 
*7 ЗЕ =D awa)’ 


Since the right-hand side increases with n, and n2-8, we have 


1 


T 
? > 995977 415/144 


> 042837. 


Hence p < 0:57688, which contradicts (18). 


The proof of the Theorem is now complete. 
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ON LAPLACE TRANSFORM 


Bv 
А. М. Menna, Lucknow, О. Р. 


(Ccmmunicated Ug Dr. S. К Bose—Received January 7, 1958.) 
1. The infinite integral 
© 
p [ «ftit = st) (11) 
0 


where р ıs а suitable parametar, plays an important part in the study of the properties of 
Functions of Analysis, The integral relation (1.1) between e(p), and f(t), following Van 
der Pol, is denoted symbolically as 


Ф(р) = f(t) (1.2) 


`ф(р) is called the image of f(t) and f(t) the original of 9(p) and 9(p) is known ав the 
Laplace transform of f(t). 


When v(p) is known and 9(p)/p is an analytic function of the complex variable p, 
then, by means of Bromwich—Wagner theorem, we get back f(t) ав 


б = sf оир) ^o Q9) 


which follows from the Mellin-Fourier "es 


The object of this paper is {о study some of the properties of a chain of Laplace 
transforms, The main results are given ın the form of theorems, А few partioular cages 
have been given and they have been illustrated by suitable examples. 


2. Theorem I. Ilf Ф(р) = f(t), (рї)/(1/ю) = 98, 
J(p)zX(t) and (pt)X(1/p) = F(t), 


f se (т ао = [ ww г Jay (2.1) 


provided the integrals converge absolutely, the Laplace transforms of |‘tg(t*/4) | and 


then 


© © 
| £F (0/4) | exist, and also the integrals [ в! | g(t) | dt and / e~ t= | F(t) | dt converge. 
о, 0 


Proof. lf e(p) =f), (pOf(1/p) = g(t), 
then (McLachlan and Humbert, 1941, p. 13)*, we have 


(р?) = фто (dt?) 


* We shall denote this book as M(1) in this paper, 
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Similarly, y(p?) = {тїї PRL") 
Now, the result follows on using the foliowing result (Goldstein, 1982, p. 105): 
If plp) = fit, Palp) fu), then 


(4) Ј aD 2 = | nny Sz. 
| 07 0 
Particular Cases. (1) Let (Мұ, p. 89) 
g t) = Е (И 


EN "P 
2i(p + 1i 


therefore (My, р. 14) 


0 = F * ta 
f(t) Bil 7 ph erio p Ф(р). 


Hence from Theorem I, we obtain 
лэ? 


A | рее еме (t) ЕМ") = f Y(t") Kay (dt) dt (2.2) 


0 
provided the integrala converge abso.utely, the Laplace transform of | #4?) | exists and 


the integral | ёте | Т) | dt is absolutely convergent. 
3 ; 


(2) Let (Мау, р. 28) 
g(t) = tJ, (2a(¢t)) 
sarp~re~ 19, R(v+4)>0 and R(p) > 0 
Therefore (Mu), р. 10) 


raph = r8) 


f(t) = atio ote 


provided R(v4 8) > 0 and К(р+а?) > 0. 


Hence from Theorem I, we get 


осын UU = усту, ggf eens (al)y(t*)d (2.8) 


piovided R(v 8) > 0 and under the conditions of case (1 ). 
Further, if we take Р-НЕ) to be self reciprocal in Hankel Transform of order v, 


then 





R U? 1 ЕВ 1 ? 
] {тайн dU E Z"al(v- 8) ve) (2.4) 
under the conditions of (2.8). ° 


2 -2011P—1 


м г А. №. MEHRA- 
Етатрез. (1) Let (Ма, р. 16) 

F(t) = e = p/p +2, 

therelcre (Mclachlan, Humbert and Poli, 1950, p. 28) 
X(t) t1 20 Карие D_,(pt) = yp). 


Further, using tho known integral ‘Goldstein, loc, cit., р. 117), we have 


т? 


о К, d B. а 


Hence {, from (22), we have 





© E 1 
Јерко = „л жр. +] 
5 5 


= (2-15 (2.5) 
(2) Let (Ма, р. 20) 
F(t) = sin Utt) * (zjpjte- Ur, 
therefore ‘Мл, p. 16) 


+ 
x(t) = at tert LP. = yp). 


/ 
| | (p +1)? 


Substituting in (2.3) we get 


a аб gya ке (at) | 
| (Urat on PE #41)" 


Now, evaluating the integral on the Д.Н. hy a known р (Bateman Projeet, 
vol 1, 1954, 827) ** < 


p = udu _ eee ie : 2) 


ав 2+ (y+ 1) Avti, vtl; gi 








aT(v-3 „ү 2 i5 . 
Е) es 
where С = si/(2ayT(v4 3), a 220 and -$«R()«$ 
3 Theorem IL. И (рі. f(ty, à 
and ур) ИГН), 
эй { 


`` > pv] *o Hlc 





* We shall den: te this becx аз M(2) in this paper 
ү oe last step follows Вот 


5 фа, 1+а 
EX 
"CL 142a 


* 
** We shall denote this book by B(1). 


; -з] = (1+2) [22-4 (17 2)1) -1}]2° with g=} and x= -$. 
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then 


a] V-3e(1 Vy vay = f U-'«Ut ДОАО, 
wee 
о 0 


provided the integrals are 


(8.1) 


absoiuteiy convergent, and the Laplace ПО of 


| 1/t$ f(2(8)) | and | ИЯ e(1, t | ex st, 


Cu 


Proof. If Фр} =f t), then (Mq, p. L2) 
af 6-47" =$ (112) dz = f(t). 
лї 
ES 0 А Т 
Now, using (А), we have 
f vs 'e(U)f(U* dU “al nj “en He gil fat dz at (8,2) 
DA A | 
1 x E 
Se / P е4) ае 
ж 0 : 
1 [° ye Ee 
=— | 2 1$(1/ 47) (а, 
nt 0 - " 2% 
wher 
i yp) = IM : 
* The result follows after a little simplification. n ssa WO oW у 


Regarding the change of order of integrations in (3.2), we see that the t-integral and 


the a-inlepral are absolutely convergent due lo the existence of the Laplace transforme of 
Га) | and 11/02) (112) |, and the vategral | 


fe ? 1/z?)(z")dz | 
о 
18 absolutely convergent due to the absolutely convergence of the integrale in (8.1), Hence 
the charge of order is justified by tre de la Vallée Poussin's Theorem (Bromwich, 1981 
р. 504), 


Example. Let (Аа), p. 19) 


fit) = cos a t = p*/(p* +07) = $(р), R(p)50. 
Then (Bu; p 158), 


Yip) = (rt) pte- eh, oo’ ў 
Hence from (3.1), we get 


4 


= Vera 





dV = jo = (29 ве ар 


2 





| А У*+а 
Now, evaluating the integral on the RHS. M a known integral ‘By, p. 8), we get 
-ay " M . 
Ve dV = – 81 (48/2) вар (082) — C, (a9?) cos (4°), | arg a | < dz. 
Уа 
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$. Theorem III, If 


fp) Te hit), 
h(pyp- "1 p)! д'%), 
апа Ө(р) = F(t), then 


f mem 47 = f geo) (4.1) 


0 


where © 
(в) = I'(1 +m) | FIU et (U+9(U + в) 11+" Wy) paml U +8)40 (4.2) 
0 


provided the integrals in (4.1) апі (4.2) converge absolutely, the Laplace transforms of 
ЈАС) | and | g(t) | exist and 


o 
J 908) вО (P  g) "У G m), раны + 8) de 
0 
гв absolutely convergent, 


Proof, If ЕР) = h(t), 
h(p)pp"u +p, =g1t), ihen (Shastrı, 1945, p. 4) 


Кр) = pr n) | e G9 (p g) 44499 (8) Wy im), фә (р + s)ds 
0 е 
Applying (4), we have 


Ј mem S = [ Fra m| f gk (UAT 4-8) Cem 2g (g) 
0 0 


0 


x Wai m) emt )(U + ds au (4.8) 


© © 
= г(ї+т)/ sw f F(U)ei V (U +в)-1@+т+2) 
0 0 
x Was), alm U +540 |as 


=f ООО 
0 


where 


p(s) = Г(1+т) говно о кв) О) Ту ia uy 4 1+=+0(0 + 8)dU, 
A е 


The change of order of integrations in (4.8) can be justified in the same manner ав 
in Theorem II. 
e 
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Particular Cases : 


(1) If m= 1, l= 0, then the Theorem ПІ reduces to: 


It Кр) == h(t) 
hip) = g(t), 
and Op) = F(t), then 
f мөт) = f vn (aids, 
0 
where © 


_ |? BU) 
"EY |, Wear 


provided the integrals converge absolutely, the Laplace transforms of |h(t)| and | g(t) | 








exist, and Í А is absolutely convergent. 


: i (V + t) 
(2) Let in Theorem p m = 0, and A(t) “үрт where v is a positive integer. 
‘Then (Му, p. 16) " du 
g(t) = Toh R(v+) > 0 
Hence from (4.1), we have 
| rei | елан ја | p ж dV (4.4) 
where > 
Ye) = f Foyer rim s) 19 уау +890 (4.5) 
0 


provided R(v+1) > 0, vis a positive integer end the 1utegrals converge absolutely. 


Example, 


Let (М, р. 16) 





-t + 
F.t) = 87 = р = 
РРР Ө(р), Б(р+1)>0 
Hence from (4.4) and (4.5), we get | 
J вт зв" 1-1 (a) 48 ымы ) | ’ (4.6) 
A (2v — 1) 


(8) =] U-tetl- 0) (+, ааъ +8) dU 
в 


where 


R(v +1) > 0 and v is a positive integer. 
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6 Theorem IV: Iff 2,18 Hankel transform of g(x) of order v and (р) — ](у)Е (у), 
then 


W 
Wp) = / #(ж)е(р, z)dz (5.1) 
0 
where Ф(р, =). (ву) „(ту F(y), 
provided the integrals involved are absolutely convergent. 


Proof. We have 


fy) = f сум (ey)gla)de (5.2) 


0 
Multiplying botb sides of the equation (5 2) by e- PVF(y) and integrating w.r.t ‘у’ 
between the limits 0 to оо, we get 


p f “e-PHf(y)Fly)dy =p ig ву ] (еу ey)g'z)de dy (5.8) 
0 о о 


Now, interchanging the order of integrations, we get 


© 


yip) =f sto» f emen ле) yay as 
n 


0 
= | (шер, ade, 
o 


where Ф(р, а) ~ (шу) (ey) Ply). 
The change of order of integrations in (5.3) can be justified as in Theorem 11, 
Example, Let (Bateman Project, Vol. 2, 1954, р. 82)* 


gir) = 2716-4 M, my, ppl’), Riv) > —{ 


Then ; 
Ки) = с Dy а erfe (фа). 
Further, let Е(2) = 170-0 


Then (Мүз), p. 87) 


y(p) = A (1— 6?* erfe p) 


Also (Bi), р. 182) 


as 
Or 
. 

xL 


(р, z) = 





(p  p-(. P 
(p? + д) 8-8 Ps 423) ) 
Rp) > 0. 


* Трв book will be denoted by B(2) in this paper. 
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Hence from Theorem IV, we get . 
o 
J аем, ъл), ada 


0 
= (2v+1)/2" (1—e? её р), 


R(p) > 0, R(v) >—4 and ¢(p, z) 13 given by (5.4). 
6. Theorem V. I} 


(p) £ f(t), PS 
h(p) = OH). 
and xip) =: F(t), 


then, provided that the integrals кл converge absolutely, 
9 Са © T 
=f tty (tyh(1/4t)dt = / 0-18(0)%(0%40 (6.1) 
"OM o 
Proof. We know (M (s), p. 19,) if 


AU) 
e(p) z-f(D, А(р) = Ua 
then (рї) = 2(t/n)t,h (1/4t) 

„ we get the required result by using (A). 
Examples, (1) Let (Bu), p, 182) 

e. . Т(д+у+1)р A p ) 

F(t) = iat) РР 

( ) (at) = (рае ((p* +44) 


=X(p). 
R(u*rv-1)20, R(p > |їша|, 
Inserting these in (6.1) with f(t) = aos t, we gel 


[exe t ун is 1 Г а (aU) dU 
ӨТЕ Р, и! (#2 + а2)ї Гца+у+1) A U +1 


Now, evaluating the integral on the R, Н, S. with the help ofa known integral 
(Watson, 1952, р. 486)t, we get 





em "Gem Jats жини 
А (t+ atleti # \ (Руа Dig ку+1)вш (pv т 


(3a)" P aia иту +1- т)т | 
«[- n 2 «(dm Зе Lt dv) | (8.2) 


Б(р+У+1) >0, Rix) «à, 22 0. 





+ We shall quote this work as В. Е. in this paper. | 
* The symbol Г,(а + В) denotes l'ta-FB)T(a— В), - - - ye 
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In particular, if we put р =v, then (B, Е, p, 488), 


e-t -v t бе ЕК: 2 
Гете”: (con) "orn и) Fea) (6.8) 





provided that а> 0 and 4 < Ку) <} 
(2 Let (Вау, p. 212) 
F(t) = tt P [as 85 v; t] 


c TO Ela iga 
"Por (а В. Асур) Х(р), 


R(y+4) >0 апа R(p) 0, 
Then (6.1) with f(t) = J,(at), reduces to 


oo 
— ] torto i] Gat Bla, B, vi ү; а 
Га) I8) J, 


o Ei 
= | (U +аз)і Fila, В; т; —0]40. 
0 


Now, evaluating the В.Н.Б. by a known integral (Bia), p. 400), we get 


fe Г.а?) В(а, B, v; ү; t) dt 
0 
QTIQGUI(QIe--49D(8-3-4) 5,[971Y*$ 8-14 о, 
(nt) Г(а+В—ү+{) 7 | atB—-y+ 7 à e] x 
provided R(y) > 0, Rla~y+4) >0, R(B—4--3) 25 0 and | arg à? | <x, 
Theorem VI. lj et) = f, | 
h(p) = 1/(t4)9(1/t), 

and X(p) — F(t), then 


2 [тшмдй = f rox E (7.1) 
т 0 0 К 
provided the integrals involved are absolutely convergent. 
Proof, We know (M(y, p. 19) that, if 
oe (p) = f(t), Мр) = 1/He(1/t), then 
| а[р(лї)һ(рї/4) s (Р) = 
Also X(p) = Fit), 
Substituting these in (4), we get the desired result. 


ON LAPLACE TRANSFORM i7. 
8. Theorem VII. 1 
e(p) = f(t), 
p*e(p*) =1/(nt)th(1/ 2), 
and х(р) = F(t), then 
ob © 
J h(t) P(t) dt/t = if худо) аи jU (8.1) 
0 ^ 0 


1 


provided the integrals involved are abgolutely convergent. 


Proof. We know (Sarkar, 1955, р. 81) that, if 
e(p) = f(t), 
ptp(pt) =1/(nt)th(1/t), then 
Мр) = f(2(t4)). 
Also x(p) = F(t). 
Now the theorem follows by substituting these values in (A). 


Example, Let (My, p. 51) 


2g 
F(t) = = e-" PW, , (a? [41) 


. а?Е+1 
pi R1) 


K2,(a(pt)) = x(p, В(р) > 0 


Therefore, from (8.1) with f(t) = #-18-#, we get 
o 
(т + Df {-* (E44) HOD 9-0 WY, (a2 Бай 
0 


+ of аї"-л-16-4#К»,(а(хї))йа, : 


0 


Now, evaluating the integral on the В.Н.З. by a known integral (By), р. 199), 
we get 


eo 
/ £75 (t+ 4j ck o D о авгур, (a*[4t)dt 





0 wt 
= a*]82 у 
ШШЕН "СТ аа-а, (P110 (6.3) 
provided R(4n —u-v)2» 0 and R(a) > 0. e 
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Theorem УШ. 7f 
e(p) = f(t) 
р) = f(2(e4)', 


and x(p) = F(t), then, provided the integrals involved 


converge absolutely, 


f* te(H)F(t)di = af zh [2)X( (9.1) 


0 
Proof, The proof follows by using another result due to Sarkar and proceeding as in 
Theorem VII, 


40. Theorem IX. If 
КР) = h(t), 





and (р) = oF D_,(t)h(2), 
then en 
p X- E Metala 


provided tho integrale converge ЧИК | R(v) 20 and the Laplace transform of 
|В(%) | ewiste. 


№р+а) _ " 
Proof. We have (pz) ` == тт) (10.2) • 





Multiplying both sides of (10.2) by a*71e-1* and integrating w.r.t. а between the 
limits 0 to co, we get 








/ ж-за-зе КР) = f aier J стенда as (10.3) 
0 (pta) 0 0 
Changing the order of integrations and using the result (Whittaker, 1908). 
1 Г. А 
В) D..(s) = e-is f etzi" 19-14}, R(n) > 0, 
| raj S 
W t P f »-1g-jz! f(p* г) = | 
e ge Wo we cus 
where yip) = e**D..,(t)h(t) 


The change of the order of integrations in (10 8) can be justified as in Theorem II. 


11. Theorem X. If o(p)-:f(r), and p^o(p) ів seif-reciprocal in the Hankel trans- 
form of order v, then 





ия 2^+9%+5 M4247 e QI +1) 4+ 
AES pact ois 
p al; 1 A 1 svt; ; if (a)dx Tash e(t) (11.1) 
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provided the integrals converge absolutely, В(А+у+&)2> 0 and the Laplace transform 
of- [ f(a) | existe, 


Proof. We have 
ay) = v f e fla) de (11.9) 
0 


Multiplying both sides of (11.2) by y^ (yt)J,(yt) and integrating w.r.b. y between 
the limits zero and infinity, we get 


g(t) = / "улуй / оаа) ау (11.8) 
0 0 


Changing the order of integration, we obtain 





T 


st = f "feo [ef PEN фуду |а. 
0 0 


Evaluating the inner integral (Ma), p. 28) we get the required result. 


The change of order of integrations in (11.8) can be justified by de la Vallée 
Poussin’s Theorem. 


12. Theorem XI. If 


4p) = e(t), 
Ф(р) = f(t), 
p fiip) = a(t), 
and 70р) = g(t), ) 
Nn yp) = 7P f (PPK? 9 ay (12.1) 


2J (1-1, db 


provided that the integrals are absolutely convergent, the Laplace transforms of 


| t°/a(t°/4) | and | g(t) | exist and the integral Гоа is absolutely convergent. 
о 


Proof. If e(p 2f), pifiQ/p = fat), 
and f,(p) =: g(t), then under the conditions stated, (Bose, 1958, p. 5) we have 


o(p”) = тїр f t-evirD. p] tg (0d (12.3) 
0 


Also vip) = p f о-да (138) 
0 
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Substituting the value of p(x) from (12.2) in (12.8) and changing the order of 
integrations, which can be justified as in Theorem II, we get 


У) = вы f aso / аар (2) ana. 
`0 0 


Now, evaluating the inner integral by the known integral (Goldstein, loc. cit., p. 118) 


ў т + g]*-— x т 
O f yet аы = (5 ERE, (sits tasse E) 
0 a 


тр [ (@#—1)* git) 
We have y(p) a) (pt-ip & dt, 
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ON THE EFFECT OF PRESCRIBED SHEARING STRESS 
ON THE PLANE SURFACE OF AN ELASTIC SLAB 
WITH VARYING MODULUS OF RIGIDITY 


Ву 


P. Споорнову, Krishnagar, West Bengal 
(Recewed—November 11, 1957.) 
INTRODUCTION 


The problem of a semi-infinite elastic isotropic medium with torsional displacement 
prescribed on the surface has been discussed by Reissner and Sagoci (1944). Sneddon 
(1947) has obtained the samo result by the use of Hankel transform. The object of this 
paper ів to obtain the stress distribution when tho shearing stress is prescribed on the 
plane surface of an elastic slab resting on a rigid foundation, the modulus of rigidity of 
the medium varying exponentially with depth, 


METHOD or SoLution 


" 4. Let the origin be taken on the plane boundary 2 = 0, the other being # = b, the 
axis of 2 being drawn into the body at right angles to this plane. | 


Equations of equilibrium in the absence of body forces are 


gue goto dnx 
os nt aaa zi r— 90) = 0 
OCA. 19,A.9(/m54278 
a; ) 7 ao 69 55 =) + 78 = 0 (1.1) 
EL 1909 + P. (ea) +L = 
For solving the problem under consideration, let us assume 
Uy = 0, Ug = vír, =), и; = 0 (1.2) 
where tU,, tg, и, are components of displacement. 
Then Cry = ею = ба = Org = 0 | 
T = 08 = aa = та = 0 


(18) 
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Two of the equations of equilibrium (1.1) are identically satisfied and the third re- 


duces to 
El (2-2) 2( 2) 3 (£-2)-o 1.4 
Or Aor T "84 85) FNS т (1.4) 
Tf pom рв (1.5) 
where до, k are constants, the equation (1.4) becomes 


Ov 10v v Əv Ov 

nmi еее +k = (1.6 

or? * rOr т Әг? Og ) 
Let v= RZ 


where E is a function of r only and 2, a function of 2 alone. Hence we shall have from 
the equation (1.6): 


dR 1ав R 


PE ae ga Re (1.7) 
dr? T т dr т? x Г 

417 dZ $ 

жий “4 05 = 0 (1.8) 
ds? TA da * 


The solution of equation (1.8) is obviously given by 
Z = Авт + Bens 
where Yi = E(k +40?) К), ya = E(k? 4402) +) (1.9) 
A solution of equation (1.7) is 
Е = CJ (er) 
where J, is Bessel’s function of the first kind and first order. 


Hence we can put 


v= [аена B(a)ev*]J,(or)da. (1.10) 
0 


in which A(x), B(s) are arbitrary functions of a only. Wecan now write down the non- 
` anishing components of stress from relations (1.8).: 


= “ \ 
тд = J apot [A (в.)ет.* + B(a)er] [J^, (ur) — (1/7)J ,(«r)] da | | 
d i (1.11) 
ba =f apost [y A(a)en* + yB (а) в 4, (ат) да. | 
0 
2. Since the elastic slab is supposed to rest on a rigid foundation we shall have 


v = 0 when в = b, 
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the boundary ғ = b being rigidly fixed. So we have from the relation (1.10) 


` A(ajer> + B(a)ev* = 0 (2.1) 
Also we shall have 2p | 
(98) в=0 = f(r) (2.2) 


where f(r) is a given function. 
From Fourier-Bessel integral we can write 


f(r) = f ad ,(ar) da f yf(ylayjdy. (2.8) 
0 


0 


Hence we get from the relations (1.11) and (2.8) and the condition (2.2) 
1 f° ‹ 
114 (a) + ү.В(о) = f yf(y)J (ay dy. (2 4) 
9*g 


The integral (2.4) cannot be evaluated for all values of f(y). We therefore assume 
f(r) = Qr, for Ozzv za 
=0, fora<r (2.5) 
where Q is a constant. Then we hare 


Al) +В) =2 f уе 


0 





0 
2 
= Qa' Ј (ва). (9 6) 
Hot 
The equations (2.1) and (2.6) will be satisfied if we write 
a 
Ala) = S e (ua) (2.7) 
pau 





Ble) =— Феба) 


where Р = y en) — y enh, (2.8) 
3. The displacement component on the surface 2 = 0 is given by 


W) = f «ГА + BEII (da 
0 


= e [5 (er? — єт, (аа) ,(ar)da (8.1) 


To find how the displacement component on the surface 2 = 0 varies for different 
values of r we calculate the integral (3.1) numerically and suppose for example: 


a=6b=1, К=1 


The results of calculation for (v),-,4,/Q for different values of r are given in Table 1. 
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TABLE 1. 
т=0 ‚25 .50 ‚75 1.00 
(т), Q = 0 —.128 —.196 —.193 —.140 


SHEARING STRESSES DISTRIBUTED UNIFORMLY OVER A CIRCULAR AREA. 


4. If we suppose that shearing в\тевзев are distributed uniformly over а circulat 
aren ор the upper surface 2 = 0, we can assume 
Дт) = 8, forosrsa 
= 0, for a «r 


where S is a eonstant and the resultant torque 
M = f S(2nr)rdr = $8705, 
0 


so that S = 8М/дта% 
Hence we get from the relations (1.11) and (2,8) and the condition (2.2) 





Абу Ва) ВМ | улеа 
2 пров 0 





8M Ñ (-1)" сш а?п+з 


E троа? & nl (ж +1)1\ 2 2n +8 d) 


2 


By solving the equations (2.1) and (4.2) we get the values of A(z) and B(«) as 


Á = ЕЕЕ ш. 
UT Т Sal mti 





8Menb © (—1)” (yt а2%і 3 
2 2n +8 


Bia) =- (4.8) 





8Mev.* < (—1,” ( a uu д2%+3 
2тша*Р “ст! (n+1)1\2 2n48 
where P is given by the relation (2.8) | 

Thus the stresses and displacement are given by the relations (1 10) and (1.11) with 
the values of the constants as in (4,8), 
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ON AXIALLY SYMMETRIC SUPERPOSABLE FLOWS 
By 
J. М. Kapur, Delhi 


(Recerved—September 27, 1957) 


1, Introduction. Axially symmetric superposable flows have been considered by 
Bhatnagar and Varma (1957), Lakshman Rao (1957), Prem Prakash (1955) and Ram 
Ballabh (1955). 


Ram Ballabh (1955) showed that two non-viscous axially symmetric flows 
(Gn, t. Pı Q,) and m is Pa, Qa) are superposable in the following cases: 
(a) each flow is irrotational ; 
(b) each has constant vorticity ; 


(c) Vorticity of each is constant along the stream-lines of the other, and 
either the flows are purely axial or the ratio of their vorticities is equal and opposite 
in sign to the ratio of their respective radial components of velocities, the axial 
components of the velocities not being zero in both the flows, 


ы Bhatnagar and Varma (1957) showed that in the case of two viscous axially 
symmetric flows, the condition of superpdsability is satisfied in case (a) above and in 
cases : 


(d) vorticity of each is proportional to т, the distance from the axis ; 


(e) t/r for each flow is constant along the stream lines of other flow. 


- Bhatnagar and Varma (1057) also showed that the condition of superposability is 
the same for steady and non-steady flows; of course, the conditions of integrability of 
the equations of motions are different in the two cases. A similar result about viscosity, 
though not stated explicitly there follows easily from their treatment. Bhatnagar and 
Lakshman Rao (1957) have proved a similar result about the effect of cross viscosity 
term in the case of superposabilily of two-dimensional non-Newtonian flows. 


In the present paper we have shown that case (b) is not applicable to viscous flows, 
We have also shown that while in cases (a), (b), (d), the conditions of integrability of the 
equations of motions are also satisfied, this is not always true in the other two cases. 
We have also extended case (c) to cover a whole class of similar fows in which the 
condition of superposability will be satisfied. In particular we have shown that if two 
steady non-viscous axially symmetric flows are superposable, then their stream-lines 
have to coincide. 


Prem Prakash (1955) examined some particular solutions for non-steady self- 
superposable flows, In his most important solution, he integrated the resulting 
4—9011P—1. 7 
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differential equation in series. We show in section 4 that the differential equation is 
effectively equivalent to Bessel’s differential equation of order unity and we are thus able 
to consider a more general solution than his 


Finally, we also examine the probiem of decay of vorticity for self-superposable 
axially symmetric flows when the velocities have toroidal as well as poloidal components. 


9. Савез where superposability condition 1s satisfied. Let u,, Vi; uw, v,. be the 
axial and radial components of velocities of the two flows and let Y,, V, be the correspond- 
ing Stokes’ stream functions, so that 


ш==1 he, opm 19й = 1,2) "cq 
б — EN (i = 1, 2) | (2) 


— —-— 


1 a 
m= .19, 9 
o? rr ба 


where 


(3) 


From (Bhatnagar and Varma, 1957), the conditions of integrability for steady 
flows are: 


OW, T? E? 4 А 
r ын „Бер, (i = 1,2) (4) 


and the condition of superposability is 


Әр, ABs) | Oar BY) | 











Ota, т) (2, т) а 
Using (2) and (8), (4) can be written as 
Әбу, t 
Еа УВ) = vE Og) p 
ы et v @ т 2 | 
от Ы s 2h = vE?’ (th) (6b) 
Also the condition of superposability (5) can be written as 
Әбу, bolt) | Ba GT) _ 
0r t mn) о _ 
| 9, ta) Oy, ©) = 1 1 әу, 
— Эт) ^ or > НЕ 32 10 Ө | _ 
9 1» 52 3 2) >l f 
or we ы) + н 5) = ® „+, , (70) 
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We now discuss the cases mentioned in section 1. 
Case (a). In this case $, = 0, t, = O and both (6) and (T) are satisfied, 


Case (d). In this cose &,/r and ¢,/7 are constant and again both (6) and (7) are 
satisfied. 


Case (b). Tft, const. = k,4-0 and 6, const. = k,#0, then (6) will be satisfied if 
7,— 047v, - (8) 
and (7) will be satisfied if 
viki v, = 0 (9) 
For both (8) and (9) to be satisfied, v, =v, = 0, v = 0 ie., for axially symmetric 
flows with constant non-zero vorticities to be superposable, the liquids have to be non- 
viscous and the flows purely axial Thus this case discussed by Ram Ballabh (1955) 
cannot be extended to viscous flows. 


Moreover for this case, from (1), y, and V, are functions of r only, and since 


{ — 90; _ Өш 
* az Ər Д 
we get u, = 01-7, u,-oc,—Àh, (10) 


where ¢,, c, are constants, so that in this case the velocities are purely axial and change 
(nearly with the distance from the axis. 


Cases (c) and (е). Let НЕКИЙ, Ц =f, (11) 


then (7) becomes 





Ө, Wa) | Oy, a) fr) (т) 
‚ a! AV = + 2 
jy eet +e FR [loti] (12) 
It W, is constant along the stream lines of the second flow and W, is constant along 
the stream lines of the first flow, then (12) will be satisfied if 
either f(r) = rf'(r) i.e. f(r) = Ar (18) 
or Givat Cov, = 0 (14) 
The first possibility implies that ¢/r for each flow is constant along the stream lines 
of the other fow. This corresponds to case (в), If (14) is satisfied, then the superposa- 
bility condition will be satisfied not only when € for each “flow is constant along the stream 
lines cf the other flow—the statement of case (c)—but even when t/f(r) for each flow 
is constant along stream lines of the other flow. In this sense, this is a generalisation 
of case (c). We have thus established : 
Theorem I. If gw, tiw, FO, then two flows which are such that for each flow 
t/f(r) is constant along the stream lines of the other flow will satisfy the condition of 
superposability if and only if 
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Theorem II. If о, +00, = 0, the two flows which are such that for each flow 
C/f(r) is constant along the stream linos of the other will satisfy the condition of superposa- 
bility for all differentiable functions f(r). In particular, two purely axial flows will 
satisfy the superposability condition if {/](т) for cach flow is constant along the stream 
lines of the other. 


> + 
8. Self-superposable flows. For two flows (qı, Pı Q,) and (qa p, Qa) to be 
superporable 


+ + + э 
curl [qi х +4, хи] =0 (15) 
+ 
and for a flow (q,, ру, О,) to be sclf-superposable 


+ + . 
curl [gx t] =0 (16) 
The equation of motion for a viscous fluid is 


+> 
84 4 TE + > е + 
c (99° += +0) + 6x q  —veurlt (17) 
e 
Thus the condition for a non-viscous flow to be steady -is 


curl [£x q] = 0 | (18) 


but this is same as (16), Thus the condition for a non-viscous flow to be steady is the 
same as the condition for a viscous or non-viscous flow to be aelf-superposable. The 
particular cases of this result for two-dimensional and axially symmetric cases were first 
noticed by Ram Ballabh (1952, 1955) and Prem Prakash (1955). 


For two axially symmetric self-superposable flows (16) can be written as 


95 Oe 
дт 


ez 


3(“ ) (6 ) 
gr Ər \r 
Thus ¢,/7 is a function of %, and {тів а function of V,. If two such flows are 


additive, (7a) shows that V, and y, are functionally related and then from the above 
results ¢,/r and ¢,/7 ave also functionally related, so that 


=0 [i= 1, 2] (19) 


ha = f) (20) - 


Theorem III. If two self-superposable axially symmetric flows are superposable, 
then their stream lines coincide and their vorticities have a relation of the type (#1), 
. Since steady non-viscous flows are self-superposable, Theorem III also applies to 
such flows. 
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Ram Ballabh (1955) had noticed (20) for the case of steady non-viscous flows when 
one of the motions is irrotational, 


A similar theorem can be easily established for two-dimensional solf-superposable 


+ + 
flows ; for if two-dimensional flows (41, p, О,), (as Pas Og) are solf-superposable 


ES ES + + 
(аА = 0, (q V), = 0 (22) 
and if they are euperposable on each other 
+ + 
(41%) = 0 (28) 
In terms of stream-functions, these can be written as: 
Oa 05) — 9, 5) _ д, bs) _ 
аһа) =” nz TO ea G 
80 that $, = һб), en = fats), а = Оф) (25) 
from where we at once deduce | 
уз = HJ) (26) 
Co = ER) (27) 


Theorem IV. If {шо self-superposable two-dimensional flows are superposable, 
then stream lines coincide and their vorticities are functionally related, 


Tho theorem obviously holds for steady non-viscous flows also. 


For steady viscous flows, however, (19) is replaced by 


Ob Ob 
ez Әт 
; = ESQ  [i-1,2] (28) 


ao) ep 


and for steady viscous flows to be superposable, both (7) and (28) must be satisfied. 





4. Decay of vortiolty for self-superposable flows. Taking curl of both of (17), 
we get - 


o? > + oe 
ay bt curl [t xq] =" (20) 


For self-superposable flows, using (16), we get the equation for the decay of vorticity 
as 


= vyt 0 
ac. #80) 
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Two-Dimensional flows, For two-dimensional plane flows, it becomes 


C к 
g TYV (81) 


where { is magnitude of the vorticity vector. This is the well-known Diffusion equation 
and admits a general integral of the type [Sneddon (1957) ] 


tz, y, t) ZXO, cos (Ax + & сов (uy + g,)e- (А) 
Ад (82) 


If the motion is in circles and { is a function of r and t only (81) gives (Lamb 1945) 





55 _ (5 18) 38 
Gb ^ Aor "cB S 
with solutions of the type 
$ = af eg-rlávé | 
валу 
f (84) 
or C= D emt AJ (kir) + ВУ (К) | 
i J 
Axi-symmetrio flows, For axi-symmotric flows. (80) gives 
ы [ iors 85 
ot LV p LES 


which is the same as the equation obtained by Prem Prakash by the cartesian mothod. 


To solve this equation, we use the method of separation of variables i.e. assume 
$ = TRZ, where T, R, Z are functions of t, r, and z only. This gives 








3 
ST дат, ФУ рад (80) 
*H dR 1 
ET I EE ^" 


Then the general solution comes out to be 


C= 55 0,17, (А + аут) ote Me + XX O^LCY A + ijr) eterna (87) 
А р Ад ў 
In the particular case, when { ів a function of r and t only, (37) gives 
{ = z e- METAS (хт) + BAY,Q7)] (38) 


Prem Prakash (1955) has also solved (85) in this case and obtained the solution 
a opik _ ат? ar _ aèr" ) 
C=e bl: ra + 27426 С ат tee 


А _ ar Prt ar ү} 39) 
+ (1 35 BB ВБР tt (89) 
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The first series within the bracket is definitely a solution cf (865), but the second 
series when substituted in (800) gives a, = 0. If the coeffecient of a, is denoted by —2U, 
then the second independent solution of (866) would be | 





U log air + 1+ ат = (B+ arts Ll {++ „р 60 


and thus the solution of (85) independent of 2 ean be written as 


А», \ 1 1 
е-^ {(a-+b log (79s алу res) 








trao ua einst] (41) 


This is the correct form of (80). This can, however, be more conveniently 
written as 


{= e AJ, (Ar) + ВУ, (Ar)] (42) 


Flow in a airoular pipe. 1 we consider flow in a ciréular pipe, then since € will be 
finite at r = 0, we take В = 0, and in that case 


и = -denn f J,(Ar)dr + C 


or ia 4 еек (a2) +0 (48) 


If u = u,e- when т = 0, then С = 0, А = и, and if we assume no slipping at 
the surface, then и = 0 when r = 0, so that 


в -^" 1 (ал) = 0 (45) 
The roots of this equation are (Lamb, 1945) 
аА, й ; 
— = "7655, 1'7571, 2'7546,... (45) 
л 


апа ав А ів known for the distribution on the axis, this will determine the possible radii 
for no slipping at the surface. 


The flux across any eection at time ¢ is (Sneddon, 1956) 
а 
wei f 2177 (А)ат 
0 
ы -лы 2ra 
= 1.6 TX J (Ла) (46) 


We can similarly discuss the non-steady flow between two co-axial circular 
cylinders. я Е 
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More general axi-symmetric flow. We now consider the decay of vorticity for the 
axial symmetric case when the vorticities have both toroidal and poloidal components. 
This саве has been considered by Lakshman Hao (1957) from the point of superposability, 


If 1n the notation of Milne-Thomson (1955) 


Hore moe 
C = brir + lot Gate 
(80) gives 


— = vv, 


ot 
a (x) 
oe = уу, 


(47) 


(46а) 


(48b) 


(48c) 


(49a) 


(49b) • 


(490) 


Thus both є, and % satisfy (85) for the axi-symmetric case and (0, satisfies the 
equation (B1) corresponding to two-dimensional flow. Both these equations have been 


discussed earlier. 


Moreover if 


г ба 7 Or 
thcn ; s =-X 
вы 
апа GS +e 


(50) 


(51a) 


(51b) 


(510) 


І am grateful to Prcf. Р. L. Bhatnagar for making me interested, in superposability 


problems and for his general encouragement. 
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Summary. In the present paper we have (i) given some cases where the condition 
of supzrposabiliby in axi-symmetry flow is satisfied, (й) established four theorems relating 
to superposability of two self-superposable flows, (iti) studied some non-steady solutions for 
the decay of vorticity in axi-symmetric case, expressing the solution in terms of Bessel's 


functions, (iv) extended (ii!) to the case when the velocities can have both toroidal and 
poloidal components, 


HINDU COLLEGE 
DELHI UNIVERSITY 
DELHI 


References 


Bhatnagar, P. L , and Lakshman Rao, S. K., (1957), Proc. Ind. Acad. Sci., 8, 161. 
Bhatnagar, P. L., and Varma, P. р, (19571, ———.—— ————— — , 8, 281, 
Lakshman Hao, 8. K., (1957), ——— —— -— ———— ——, 46, 418. 
Lamb, H., (1945), Hydrodynamics, Dover Pub., New York. 

Prem Prakash, (1955), Proc. Nat. Inst. Sci., India, 21,1. 

Ram Ballabh, (1959), Journ. Ind. Math. Soc., 16, (N. 8.), 191, 
—————— (1056), Gara, 6, 15. 

Sneddon, Т, N , (1956), Special Functions of Physics and Chemistry, Olver and Boyd, p. 110. 
——— —— -.— (1957), Partial Differential Equations, McGraw Hill. p. 287 





5$—201] —L. 


3- А 


` TRANSVERSE COMPONENT OF VELOCITY IN A 
`` PLANE SYMMETRICAL FORCED JET OF A 
E COMPRESSIBLE. FLUID 


Bv 
J. N. Kapur, Delhi 


(Recerved—October 28, 1957) 


I. Introduction. M. Ray, in a recent paper (Hay, 1955) obtained a closed 
analytical solution for a plane forced jet of a compressible fluid under the usual boundary 
layer conditions, He has obtained analytical expression for и, the velocity component 
parallel to the jet axis; v the velocity ‘component perpendicular to the jet axis and for 
the enthalpy i. He has also obtained an equation which determines the stream function 
V. We cen obtain an alternative expression for v from а knowledge of this stream 
function, We find, however, that this does not agree with the value of v which Ray 
has obtained. We have examined the reason for this and have obtained the correct 
express'on for v, We have used this expression for discussing the variation of v with 
distance from the jet axis for both foreed and unforced jets. In particular we have 
shown that near the axis, it is always directed away from the axis and at the edges of 
the jet, it is directed towards the jet axis. 

For incompressible fluide, Ray’s results generalise the results of Bickley (1987) for 
unforced jets, but in this particular case his formula for v does not reduce to that given 
in (Bickley, 1987). It can be easily verified that our formula does reduce to his. We 
algo see that in all the cases discussed by us the stream lines and the velocity p.ofiles 
аге similar in shape to those sketched by Bickley. 


2. Basic equations. Using the notation of (Ray, 1955), the basic equations are: 





3u ди u? 9 2) 
се L = con +f yO 1 
ва кес ar + (ue a) 

ð 8 

S AM ax 2 
8, (€) + a, (ev) (2) 
or д = 2( 2) ey 9 
с 857 Oy ДЕ? Е x 
10 de, (4) 


The assumptions made аге: 
(i) pressure gradient is negligible ; 


. (it) Prandtl number is unity ; 
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(iit) ALA 
Py 11 


The boundary conditions аге: 


on the axis of the jet: y=0, v=0, ou 0 


а& the edge: у co, и = 0 
The transformations used are: 


= oY acr 
eu ду’ ev Эз 


= (p в.) Tap, и = 2" (2) 


The differential equation for determining f(n) is 
/ d ГА 
n(f vf) = à; ul ) 
7 
where we have taken m+2n=—-1, 1+0+8n = 0 


3. Earlier derivation of v examined Since 


oy = (oe - Qe Qo 


wo get on using (7) and (8) 
: — n(u,0,)*z " "nda + (01) "d = gudy — ovdz, 
From (12), the following are deduced in [Ray 11955)] 
- n-1 


оо = n(uo,)* "^! 


ошау = (01) "d^ 


(11) 


(12) 


(18) 
(14) 


Since, however, т is a function of x and y, the correct deductions from (12) would be 


QU = n(u;0,)5z7" n млее 07) 
V 


and ви = (p01) ac (83). 


(15) 


(16) 


For (18) and (15) to agree (21/2) must vanish 1.6. т should be à function of y 
alone, which is not correct a priori, and which is not justified by later investigations. In 
fact if we substitute in (15) for Әт / Әх, the value obtained from (8) and use (7), we get an 


identity and so such an equation cannot be used to determine v. 


In (Ray, 1955), the equations (ба) and (13) have been used to obtain ihe boundary 


conditions for solving (9) in the form: 
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"when у = 0, т = 0 (17) 

Fortunately for the plane symmetrical jet in which we are interested, (17) ean be 
obtained from symmetry considerations. By symmetry the axis of the jet is a stream 
hne and y is constant on it, Since, however, the numbering of the stream lines is 
arbitrary, we can choose V to be zero on the jet axis, and then from (8\, » is zero on the 
jet axis. 


From (16), we got (&) — (me) te _ (uso) tinh 
дл | 


: 18 
% eu 50,4 us 
Using the expressions obtained for i and u by Ray (1955) viz, 
"n пЗ" Е cQ CR & 
= 1, тии Bn) 12) {(2т п)т пто. (19) 
„3 
апа и = 6-е" i |. (20) 
No 
апа integrating as in [Ray, 1955], we get 
ote tanh^! 7 | 
fin, to | 
By Y -m 
у= (=) =” Г (21) 
€i 
ye 


" ОТЫ + (2m —n)g 
t 61, (2m —n)(m —3n) J 





The R. H. 8, of (21) is to include an arbitrary function of x, but this has to vanish, 
since from (17), when п= 0, у = 0 for all а, Thus we gob the same equation as in 
[Вау, (1955)]. 

4. New derivation of v. On using (8), we ean write (21) as: 


y= hy arn mf 2 tnb (Pier 182) пао) іар 


0 т} No 6i, (2m —n)(m —8n) 


{— Bn? + (2m — п) (ро) -ka?ny? (22) 


This ів the équation to determine the stream lines as well as the stream function ү 
ав ө function of z and y. à 


From (22) y(-y) = —y(y), showing again tho symmetry of the jet, 


= oy... 98 
: Oy Oy Oy (28) 
_ of of OY 9j of, 

О= RII. = +9 ( gv) (24) 


„ From (28) and (24) о[и = Of/dz, 
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i 
so that i =- 2 (&) qnn {- (m+n) tanh ^1... 7] + zih |J 
^ no S8 Т 102—1 





(ыў nighA-1y { —8mny,! + (2m —n)ni? \ (25) 
Bi (2m —n)(m — 3n) +(2m— п) 


Using (10) and (20) 


o= (8 уз Эт" ЕЕ cea +n) tanh” P DLE e.) 


-— macho 81+ 2)? 
+ 6i,(5n +1) (5n + 2) [ + (5n + 9)? || (26) 


From (18), we would have got 





n(m Jta 13 25 n(u,g,)iz7"^! in 


v = 2 
e 101 
and using (19), we geb 
_ ы nigin- KEP D | 
Е OG 7 00 Mo 77 (БО п (2 
Ао, : о | [G2 ить B 


(26) and (27) are obviously different and the difference as explained earlier is due to the 
non-vanishing of (¢/dz),. 


8. Derivations from the solution, Case I, When there is по e.ternal force. In 
this case [Toose (1955), Kapur (1958) ] 


п=-% = WO, ` (28) 
so that from (26) 


o= (B gaaer) tanh 9 36} + 





01 


or v= (=) 5 E [1 3) tog vesicae] zs (1 -x Y} (29) 


The variation of v in this case with distance from the axis has been fully discussed 
by Kapur (1958) and it has been shown there that as the distance from the axis increases, 
the transverse velocity at first is directed away from the axis and 18 increasing and after 
attaining a maximum value it decreases and vanishes at a definite distance from the axis. 
After that till the edge of the jet, the velocity is directed towards the jet axis. 


Case II. The external force is constant (= К) along: the jet avis, In this case 
from [Ray, 1955]. 


1 х-А5(6 — 42)? 
1 





n= —#, то? = MA /5)%, (80) 
so that 


+ | 
= (5) | 2-а аб?) log И — Brn) 2 ана (9,2 и 129} eu 
94 {4 3—1 9856 
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8 (шщ у 
>- (2) +. 
von d (5 s (83) 
so that, the transverse velocity at the edge of the jet is directed towards tho jet axis. 
Near the jet axis the velocity is directed away from the axis and there will be a curve 
which will divide the regions in which the velocity is directed away or towards the axis, 
The equation of the curve is given by 





1 [ 3. зуу Nota | 9 . 
— | (ло? — 12) log 297 - Ban, |+. an(n — 1452) (2 02) = 0 83 
qe Len n’) log mm ЕТ 1910 — 14") (по — 27) (83) 
and у= (“уа e log fur ak ig Tnn + Ta} (84) 
е; Bho отт 0616 


n being the parameter, 
Case ПІ, Flux of momentum is ka’, In this case from Ray (1955). 


9k 





=- | = 3 | — Uu ue 
" ‚ ji E 4 (ре, (80) 
[ 1 aH inap -11 | 
ERE и ((n. — n°) tanh 1! — дул | 
i 82 70 | 
во that Уу (е) | (86) 
01 
qet 220.3 3.3 
| 1897, (002—242) (> — 12) | 
Ав тэт, 
i 
1-41) 7e - 87 
(5) xy (7) 


and the variation of velocity with respect to distance from the axis follows a law similar 
to those followed in the other two cases. The equations of the curve dividing the regions 
in which velocity is directed away or towards the jet axis are obtained by putting v = 0 
in (86) and n =— in (21). 
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SOME THEOREMS CONNECTED WITH А 
GENERALIZED STIELTJES TRANSFORM 


By 


Suresa CHANDRA Arya, Nainital, U.P. 


(Communicated by Dr, M. Ray—Received January 21, 1958) 
1. Introduction. If 


jis) = f ваа 





0 

al © 
where $(8) = ] e-sty(t)dt 
then = Ly @) 
and / (8) is called the Stieltjes Tranaform of y(t). 
E Varma (1951) has given a generalization of the Laplace Transform ia the forni 

© 

Р) = | (у"-#е-Ў, „(1+ (уй. (o 
0 


where Wi,m denotes a Whittaker Function. 


He has also shown that if we take F(s) to be the transform of e(f) in the sense of 
(2) and (в) to be the ordinary Laplace Transform of Y(t), then 


е 1 I. piu t 


T(m-k4i)s - ива . (8) 


PES m-k4g8' s 


provided that Re (2m +1) > 0. 


If k+m = 4, the hypergeometric function in the integral degenerates into a binomial 
expression and (8) reduces to (1). We will call (3) as the generalized Stieltjes transform 


of y(t). 


The object of this paper is to give some theorems connected with the transform (8), 
which enable us to evaluate certain infinite integrals. The theorems have been illustrated 
by examples. 


2. Theorem 9.4. If 





Г(2т+1) 1 f^ puero 1 | 
s= 2 d 
vu m—krü' u sae е 
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and p(s) = | e-t"h(v)dv 
| 


then g(u) = 1 f is9m «i 1,1: m—k-- à:uv)h(v)dv (4) 
0 


where Е denotes the Macrobert function, provided that Кет > 0, m—k+§360 or a 
negative integer, and the integrala 


ob 
and | / = Е@т+1,1,1: m—k+i:uvjh(v dv 
0 
converge absolutely, 


Proof. We have 


_ Г(8т 41) a 2т+1,1 в fe 
9 патра) Ele СИ 


\ 


TQm+1) if? Г. _ 2т+1,1 в 
= )d зо 3 ИЕ 
Гре 8) J Mod BA 5 |e 


on changing the order of integration, . 
__ DOm 1) y ho MS 1 
= Jd LA . 
I(m-kcg k 8) “л m—h+ 8? de 
i 
Lol pr 


= Em +1, 1,1: m—k-- 8 :uv)h(v)dv 


u 


provided that Re u > 0, as (Macrobert, 1687-88) 


pum 50. А cx 
Г. А7-1 „В, [а B; ò; -A]dA= Tere” Ela, B, y: 8: æ) 


provided that Re (x) œ 0 and Re (ү) > 0. 
To justify the change in the order of integration, let 


A(s) = a Te *] femmes 
0 


m-—k4&' 
and ве) = Mo) f em e "+1, 1,_ da. 
А m—k+ § и 
A(s) ia uniformly convergent for 82-0, since 
: Е / e~*h(y)dv 


0 
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converges and B(v) is uniformly convergent for vz»0, 


2 = 2m +1, т :] 
as | fe ee Жл da 


converges, since 


| +1, т. 8 ] р О(в-1)(8->со)(Ңе т > 0) 


m—-k+$? u 
= 0(1) (8-0) 


Again, if we consider the integral 
2 1 
f ^t [ «ov is. ;— = |as 
" T т—К+ф u 


where T and T" are large, we see that this does not exceed a constant multiple of 


fi h(v) | dv fi 87 "g-l[da 


which tends to zero for Re (v) > 0. 


Thus the change in the order of integration is justified under the conditions stated. 


Corollary 2, 1. If we putk+m = 3, 
1 B(om +1, 1,1; m-k+é; uv) 
uv 


reduces to e* 10, uv) 
where I'(0, x) denotes the exponential integral 


f «ci (z > 0) 


a 


and we have the following known result (Akutowiez, 1943). 





T 
I = } 
/ g(u) ПЕ 
апа (в) = [оова 
0 
then g(u) =] e*""T'(0, uv)h(v)dv, 


0 
which is the third iterate of Laplace transform. 


The integral (4) may therefore be called в geaeralization of the third iterate of 
Laplace transform. 
6—9011P—1. 
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In what follows we will suppose that Re (m) > 0. 
Example 2. 1а. Jf _ 
h(v) = (8p)-»tk-8lg- 14v ~ 
then [BMP, ТІТ, I, 1954, p. 298 (40)] & 
e(s) = (м 8)" НЕ e (W/ 8) 
and therefore [BMP, TIT, II, 1954, p. 152 (86)] 
glu) = 9m-*tü?umg su 2n М u)T(2m + 1) 





| provided that 
Ве-(и) >0; Re(m—k+ #) > 0. 
2 2 
Hence Í y-mk-5Dg-14vE(2m +1, 1, 1: m-k+ undo 
0 
С 92(m-kr:)'(2m + {ju™418 am- aml у u) Р 
provided that Re «u > 0; Re (m —k +8) > 0. 
-p 
Ezample 9. 1b. If Мо) = LS | 
: P=») 

then (a) = s?71; 


апа [BMP, HTF I, 1958, p. 79(4)] 


Г(р)Г(1-р) Г(2%4 1—р) 


oec WEN a 


provided that 0< Re p < min {Ве (2m +1), |; m—k 80, —1, —2,... 


o 
Hence [ E(25m 1,1, 1; m — kc 3; uv)v7?71dv 
0 


= Г(2т +1—р)Е(р)[ Га РТ» 
^ T'n-k48—p) | 


If we put К+ = 4, in the above, we deduce the result 


] м ТО, w)w-rdw = P()[T(.—9)]*. 


0 


Theorem 2.2. If 00) == Í E в( к е : wo )ftoydo 
0 
and i (1 ) = '"в-*®/(в)йв 
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ы 2p 4- 1,1, 1, 1: | 
then рз 1 в( m w аа tds 
u А z m~k+3 


provided that the integrals involved are uniformly and absolutely convergent. 


Proof. We have “if о ЭШ. 
т К+ d 
1 f°,f2m+1,1,1° р (i) 
= |E ; А-а 
! (оз t/o) = (5 )dv 


ЇЇ 
Rie 


и 
fe nef 
0 0 


1 f^ © fam+i,i,1: „и 

ез Е ов 

u ] Maids | m=-k+8 ` 2)" 9 
0 0 


1 


on changing the order of integration. 


But +1,1,1. LLI: 
[ae ‚1, 13 " T que 1,17: ич) | 
à m-k+8 oo я m-kcà 


since (Maorobert, 1941) 


ao 
. / в-ХАВ-1Е(а,,..., бр; 01, oo ба: 2 ал = Elysees бр, 8; 04, 09: =) {Ве в > 0) 
0 


Hence . 
1 f^i _/2m+1,1,1,1: y 
zm ей : da. 
ge) u [3 e( m~k+ğ T VIS - 


provided the integrals involved are uniformly and absolutely convergent. 


The following theorems oan be easily deduced from Theorem. 2. 2. 


Ae [ors 


Theorem. 2. 2a. 1] 


0 
then we have © 2 1 * 2т+1,1,1,1: 
f не т-1 n шь бо) a | 1 в( т+1, dr sue tende. 
ga m-—k-43 "E mn-keg 
Theorem 2. 2b. 


If ® 1 
1 1 ,/2m-1,1,1: 
Hom | ma m—-k+3 ре оао, | 


iQ [emm 
| 


0 
= f B's  (v,)dv,, 
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and a taal n =] 6 7 anf С d Vn. i 
Va- Üni А 
_1 f^i 2m £1, 1. (5-1) times, 
then g(u) = = f 2н meh ee Uy fn 9) vs 
Theorem 2. 20. 1 1 ac 
шб) fers 
9, NU, 
0 
1 1 
152) = [= по (0) 203, 
Л, 403 
0 
апа ы fs-( 1 ) = Гоа, 
9-1 Vr- А 
then 


1 


j ,/2m-1,1,1: ) f? чы 
— H d = — 
ie Zt m—k+% кшш A a m—k+3 


We will now give an example of the application of Theorem 2.26. 
lization of Theorem 2. 2a. 














Example 2.2. Let falvs) = vy" 
where -1<Rev<0. 
Then = fa- -(+)-= T(v41)o;5! 
and | fo—y(Uq а) = Г(у+ Doa. 
21 1 247-1 
Therefore fs-( ) = [D(v41)]*v;*5 
Un-5 Un-3 
and [һ-а(®в-а) m [D+ 111954 


Continuing this process, we will have 
fiw) = [To * 1)]"71e, 
Hence using (5), we get 


a . 
e m +1, 1...(n +1) times: T vn) a 
o 7^ m-k+8 


PIN 
€ . 
= [Г(у+1)]”"1 Io oun : uv Joi 
0 1 


m—k4$ 


= [Dp 1)]* quen fr b 


. Im —k 8) 


ни») nlUn)dv,_. (5) 


which isa genera- 


idv, 


8 
-> Jer ds, 
u 
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using Theorem 2. 1. 
= asi L(V) (2m-1-cvu-* 
ТУКЫ T(m—k+8 +v) 





If g(u) is the generalized Stieltjus transform of (a) t.e, if 


DQm+1) 1 2m-t1,1. 
= d 
ge l(m-k-d)uJ ? Eu Sip IUS i 


and s-"k-i o(s) ів the generalized sites transform о} h(x) in the sense 


g~mtk-to(g) = / iz „а)ағ, 
б ) 


Theorem 2. 3, 





I'(2m +1) (т + +0) (тъ +0) db-ekn-k 





ihen = 
ge) I'(m kr o)l(o) 
$i m+k=}ł+0, -m+k-4+0 A 
‚1— #]мдаа 
x f wl mcrkticro Hd ш 


0 
provided that Re(m—k+8)>0, Re(m4 k—3-4o) 0, 


Re(—m+-k-4+0)>0 and h(x) 18 such that | ( 2 h(a)dx converges absolutely, 
` в-а) 
0 





Proof. We have 
Г(2т+1) 1 [ | 1. „рны m ее 
my 


N= Tea he ju m-k+g’ 





gm-k-i 


ec 1 ife “| |n | :] d 
= 1(т)Ч s= — 1—18 
тб Е и Из) 


on changing the order of integration 


But [BMP, TIT, П 1954, p, 400 (10)]. 





c 
1 ss : in z] 1 8т-^+143 
m-k+5 (8 +)= 


= ym-k- к. “үү UN 20 2 Ута 
m=k+tg C u 


= u™-k лав ап ЛО ОАО АСТ 
Г(т ++ +0с) Г(о) 





T Е —m+k—- tte 1-2] 
2, mtk+oth : ud 


provided that Re (m — k--8/2) >> 0, Re(m+k+o~ 4) > 0, 
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and Re (-т+ 0—4 +0) > 0. 


Г(2т + Ги +0 4+ о) (твк Ф +0) opm- 
Th , = mtm PT atoj ТЕНЕ TOt- 
ые gu TI(mckrito) i 
x f apte —mtk—á$to ;1- £e. 
u 


А mtk+ht+o 


The change in the order of integration can be justified іп а manner similar to that 
of Theorem 2.1 under the conditions stated in the theorem, 


Corollary 2. 8a. If m—k+4=0 and 2m+1 = о, then we have 








a d 
glu) = Iur: ] КР? 
ud. cl 
and Ф(в) zi aa 
= Te) _ ~ etec-l c , a 
Hence guo cp | Pl mes ; 1- = unes 


provided that Кес > 0 and Re (o-- o —1) > 0. 
Corollary 2. 8b. If we further put о = с = 1 in Corollary 2,8а 


E ji 1 
we have g(u) — зг 
0 
а 
ала st) = f —— h(a)dx 
2 8+2 
0 
1,1 
In this case g(u) = E r| O d аз 
u' 2 u 





which is the second iterate of the Stieltjes transform (Widder, 1941). 
Ezample 2.8a. Let с = 1 and » 
h(z) = (—4)aslm- cos [(m —k +8/9)т]Дь—ь+(/®) 
+ віп [(m—k--8/2)5] Y -44.,( V 2)] 
then [BMP, TIT. П, 1954, р. 299 (88) ИА | 
9(8) = (М s)" FEE (А8), 

and [ВМР, TIT, IT, 1954, р. 152 (86)] 

У glu) = I'(2m + 1)2"-Е®+5%ц=8 т, (Мм), 
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where 5, „(2) represents the Lommel’s function defined by 


+1 : = 
(в) = gh pp etum B —v-8 ; z] 
(u—v+1)(ut+tv+1) 2 | 2 4 


-1 ко (e : (> ) A (gts) 
4-94 г( m Г emer Js» 5 п J,(z) — 08 g^" v.a). 
provided that Re (m — k-- 3) > 0 and Re (m — k) <0. 


ji - k 
Hence Í r| AE. ds +3 ;1- Z Jive eo 
Я mka$ u 








х {сов [(m — + 3) ]Jm -x44(V 2) + &in (m —k--8)s]Y » x (væde 


= тания nc k +4) 





уе ES эт —1, 2m Vu). 


T(-m+k+4 
Dic) 
Example 2.85. Let hlæ) = T apto-2 
Ё ® = Покер) 
then o(s) = gptm-k-t 


and [BMP, HTP, I, 1953, p. 79(4) 


Г(т+Ё—р+4)Г(т—К+р+%,Г(—т+ЁЕ—1+1) 


g(u) = Tp) 





uptm =. 


" provided that Ве(р+с —11 > 0, Re (1-p) >0 
0 < Re(p+m—k+4) <1; m—k+840, -1, —8,... 


fe mtk~}+o, mie 


Hence 
то 


;l— т 985 
ч 


= Гт+К—-р+%)С(т—К+р+4)Г(—т+К—р+!Г(т++е+4)Г(р+о—1) 
Г(2т-++1)Г(+Ь—{4-++о)Г(—т+ К —%-+єс) 


under the conditions stated above. 


up-lte 





I am indebted to Dr. К. M. Saksena for guidance and help in the preparation of 
this paper. 
D. 8. B. GOVERNMENT OOLLEGE 
NAINITAL, U.P. 


References 


Akutowiez, E. J., (1948), Duke Math. Journal, 18, 1093. 

Bateman Manuscript Project, (1968), Higher Transcendental Functions, I. 

Bateman Manuscript Pro;eot, (1954), Tables of Integral Transforms, I. 

Macrobert, Т M., (1987-88), Proc Roy, Soo Edinburgh, 88, 1. 

(1941), Philos. Mag, (7), 81, 984. 

Varma, B. 8., (1961), Proc. Nat, Acad. Sc (India); A 20, 209, 

Widder, D. V , (1941), The Laplace Transform, p. 888, e 








CALCUTTA MATHEMATICAL SOCIETY. 


Report of the Council for the year 1958 to the Annual General 
Meeting of the Society. 


The Council of the Calcutta Mathematical Society has the pleasure to submit the 
following report on the general concerns of the Society for the year 1958 as required 
by the provisions of Rule 25 of the Society’s constitution. 


The Council. The Council of the Society for the year 1958 consisting of the officers 
and other members elected at the last Annual General Meeting together with the 
Assistant Secretary and Editorial Secretary, was constituted as follows: i 


President | 
Б. N. Bose 
Vice-Presidents 
V. V. Narlikar, P. C. Mahalanobis, 
Ham Behari, В. М. Prasad, 
М. В. Ben, 
Tieasurer 
8. C. Ghosh, < 


Secretary 
T. C. Roy, 
DE Assistant Secretary Tr x 4 
J, De, 
Editorial Secretary _ 
P. K. Ghosh, 


Other Members of the Council 


А, О. Banerji, М. М. Basu, ; Р. L. Bhatnagar, 
H. M. Sengupta, P. Р, Chattaryi, U. R, Burman, 
G. Bandyopadhyay, D. D. Mallick, J. De. 

C. N. Srinvasiengar 8. K. Basu М. A., Shastri 


General, On the 21st January, 1958, Prof. В. Nikolsky of U.8:8.R, delivered an in- 
teresting and informative lecture on ‘‘Theory of Approximation of functions by Polynomi- 
als and Variational method” in the room of the Calcutta Mathematical Society at 8 P.M. 


On the 20th January, 1958 in the Annual General Meeting the retiring President, 
Prof, V. V. Narlikar, in his learned presidential address, gave a very clear picture about 
the modern trends in researches on the Theory of Relativity. Не also pointed out clearly 
and briefly the possible lines of the developement of the Theory of Relativity. His address - 
was published in the Bulletin of the Society (Vol. 50, pp. 1-8). 
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Along with the various usual activities of the Society, the Golden Jubilee of the 
Sooiety has been celebrated at the completion of fifty years in a-beifitting manner, The 
various functions were spread over the period from the 25th December, 1958 to the 
818$ of January, 1959, 


Delegations, In reply to an invitation from the Indian Mathematical Society the 
Council -nominated the following members to represent the Society at the Session of the 
Golden Jubilee and Twenty-fourth Conference of the Indian Mathematical Society : — 

Prof. Ram Behari—Professor of Mathematics, Delhi University. 
Dr. B, N Prasad— Reader in Mathematics, Allahabad University. 
Dr, G. Bandyopadhpay—Aas:sistant Professor of Applied Mathematics, 
I. I. T., Kharagpur. 
Sri J. De—Assistant Secretary, Calcutta Mathematical Society. 


In the special occasion of the Golden Jubilee of the Indian Mathematical Society 
our President on behalf of the Society, sent a message of good wishes to the Indian 
Mathematical Society. 


The Council nominated the following members to represent the Society at the forth- 

coming Session (1959) of the Indian Science Congress at New Delhi: 

Prof, М, Ray—Professor of Mathematics and Dean Faculty of Science, 

Agra University. 

Prof Ram Behari—Professor of Mathematics. Delhi University. 

Prof. 8. K, Chakraborty—Professor of Mathematics, B. E. College, Howrah. 

Prof. N. L, Ghosh—Professor of Mathematics, Presidency College, Calcutta. 

Dr. B. N. Prasad—Reader in Mathematics, Allahabad University. 

Prof, В. N. Sen—Head of the Department of Pure Mathematics, Calcutta University. 

Prof. В. B. Sen—Head of the Department of Mathematics, Jadavpur University. 


The Council nominated the following members to represent the Society at the Inter- 
national Congress of Mathematicians, Edinburgh 1958. 
Prof, 8. N. Bose—Presidant of the Society and Vice-Chancellor, 
Viswa Bharati University. 
Dr. G, Bandyopadhy ay—Assistant Professor of Mathematics, І. I. T., Kharagpur, 
Dr. 5. C, Das—Dominion Observatory, Ottawa. 
Membership. The Council desires to report that during the. year under review 
eighteen new names have been added to the list of Beciety's members including one life 


member. 


Meetings during 1988. The Council held nine meetings during the year and there 
were five General Meetings devoted to the reading of original papers communicated to the 
Society for publications in the Bulletin. In connection with the Golden Jubilee Celebrations, 
there was a special general meeting held on the 28th December, 1958. - Prof. Humayun 
Kabir, the Minister for Scientific Research and Cultural Affairs, Government of India, 
kindly attended the meeting as the Chief Guest. Prof. Kabi: expressed his great concern 
аб the low standard of the teaching of Mathematics in India and suggested that oveghaul 
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mowes should be taken by the Societies or similar bodies and tho leading mathematicians 
to raise the standard of the teaching of Mathematics, In the absence of the President, 
Prof, 8, N. Bose, one of the Vice-Presidents Prof, N. R. Sen presided over the meeting. 
Prof. N. К. Bidhanta, Vice-Chancellor, Calcutta University was also present. 


Ammendment of Rule. On the recomendation of the Council the following altera- 
tion of Rule 14 of the existing Rules and Regulations of the Society was made by 
majority votes of the Members of the Society. 


That the following lines of Rule 14 “пе annu il contribution shull be twelve Rupees 
in the case of Members residing in Calcutta and its Suburbs and Howrah (who shall be 
called Resident Members), and six rupees in the сазе of Nonresident Members” be 
replaced by the lines ‘‘the annual contribution shall be twelve rupees in the case of 
ordinary members’’. 


Publications, During the yea: under review the Society nas published five issues 
of the Bulietin, vis., Vol. 49, Nos. 8-4 and Vol. 50, Nos. 1-3. The Council takes this 
opportunity to record here the Soeiety's indebtedness to the authorities of the Cal- 
cutta University for printing the Bulletin free of charge and to the Officers and members 
of the Staff of the University Press for their valued services, 


The Council is glad to announce that a good numb:r of papers from eminent Mathe- 
maticians of the world have been received in connection with the Goiden Jubilee of the 
Society and those will be published in а special publication ina Commemoration Volume 
of the Society. In this connection the Council is glad to announce that the Calcutta 
University will arrange te publish the special Golden Jubilee Volume free of cost. 


The Council considered the letter from the Assistant Registrar, Calcutta University 
to the Secretary, Calcutta Mathematical Society regarding the publication of the Bulletin 
of the Society in its several meetings with deep concern. 


A reply to that letter has already been sent to the Calcutta University appreciating 
with gratitude the help and encouragement which the Calcutta University with its motto 
of 'Advacement of Learning’ has rendered to the Calcutta Mathematical Society by nouri- 
shing Ц and by publishing its Bulletin for the long stretch of nearly half a century free 
of charge. The Society has always considered the University of Calcutta as its most 
benevolent patron and will continue to think so in future with an earnest hope that 
the Society will not be deprived of tbe patronage and tho Univorsity of Caleutta will 
continue the printing of its Bulletin without cost аз m the past. 


Exchange of Publications. The transmission of the Socety’s publications to 
various countries of the world has been carried on regularly daring the year and two new 
exchange relations have also been established. For various reasons, we have lost one 
exchange relation, 


Library. The Counci desires to report that during the year under review it was 
witf extreme financial hardship that the Society was somchow able to maintain uninter- 
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rupted the-run of the research pariodicals which were being regularly subsoribed for the 
‚ past few years and that this could be made possible only by an entire suspension of the 
` purchase of recently published reference books and important newly published research _ 
` périodicals, This indeed amounts to a great denial of research facilities to the members 
of the Society but it had to be imposed under the exigencies of cireumstances, 


We should earnestly hope that our National Government (Central and Provincial) 
would appreciate the necessity of mathematical researches in the country at this present 


-Juncture of scientific development of the world and render their substancial help to the 
Society for this purpose. 


The Council expresses hearty thanks to Sarbasree D. C. Kar, J. C. Kar and В. С. 
Ker for their benevolent gift of the valued collections of their late father, Dr В. C. Kar 
which has been ceremonially received by the Society on the 28th December, 1938 in 
the presence of Prof. Humayun Kabir, the Minister of Scientific Research and Cultural 
Affairs, Government of India. The ccllection has been preserved as ‘Dr. S C, Kar Collec- 
tion’, as a part of the Library of the Society. 


Finance. The annual accounts of the Society have been presented to the Council 
in the standardized form by the auditors Messrs. В. К. Dutt and B, К. Lahiri. The 
Council offers them its sincere thanks for thew honorary services. The Council also takes 
this opportunity to make a few observations on the audited statement of acounts during 
thw year under review. A glance al the receipt and expenditure sides of the statement at 
once reveals an extremely gloomy picture regarding the financial position of the Society. 
Though we received some more grants during the year under review from the Government 
of West Bengal than that of last year, we have not received any grant from the Govern- 
ment of India, The balance at Banks [the State Bank of India (General Fund) and the 
United Bank of India] wh:ch we can spend for our general expenses have almst been re- 
duced to the minimum balances required to be deposited at the Banks. As regard: the 
other balances e.g. K. K. G, P, and О. E. Cullis Funds we cannot spend them as those 
are endowment funds meant for specific purposes. Though the price of the Bulletin and 
subscription of non resident members have been increased and more income lias been there 
out of these, still to cope with the day-to-day increasing market price almost all tho 
amount has been exhausted. The Council, with greal regret, 1з obliged to repeat the last 
years verdict that the Society 1s almost on the verge of a collapse. Unless the Society re- 

_ ceives libera! grants-in-aid from the Governments the Council fears that the Society, 
.which perhaps 18 the oldest Mathematica: Research organisation in India will have to face 
a very hard time in pursuing its aims and objects, 


i 


The Society received the following grants during the year under review: 
(1) Government of West Bengal ... ... .. .. .. Rs 2,000/. 


(п) National Institute of Sciences of India  ... ... Hs. 1,000f. 


у and the Council offers its grateful thanks to the Government of West Bongal and the 
National Institute of Sciences of India for these grants. e 


ANNUAL REPORT 


FM. 


2 ‘ WPS I ` 


IHIHVT^M g 


-оррүу. EA я `8 








FT 989' FS "9H ^" [elo], 
БӨӨ  —— — 
90'899%9 
RF 186'1 
51 899'9 
IV L's ———— 
09 cg 21s 
89 7* i 
RT OL? 
юл 77 
09'686 
08 6% 
I8? — 
»v0 dos 
15% me 
969921 
29 8L 
99°5$ 
10 SST 
PTOST 
69°918'F 
AGB "5 
08°989 g 
6б Т1 + 
0070906 `7 
отв 
SL 906'T 
$9 SBT 
80 RIE 
"dU э tga “sy 


tooo'g su eujea әт 
(pung symp qr 70) (9) 

(ONO'S əy enjea ээв Я) 
(pruq'q Ð Xxx) ed (р) 

(000'9 sY эп[ва eos) 
(pung 1819999) sejoN 4 "D (2) 


8888 [ejgog (а) 

nts (әъоәйвов ut) og 

"t pur уо queg pejup (an 
(pung ао ‘Я ‘о оа (ий 

(Pung q'O'X^X) oq (m 


(pung 'uep) spur јо ховд 381g (t) 


squeg 18 9298184 14} 


м sdurgjs UT in) 
qsg Uy (2) 

18191099 ЧАА (т) 
eous[sq Яштвотг) 


{898192 эоцзАэдчоэ Япгрпүопт) snoeus[[GOBT py 


3991942 qurg 
(1819090) 983804 
Ктэ00 85 xy Surnuuq 


{өвәлд) әоптҝ̆әлпоџ) (ә) 
eBcisoq (р) 
“+ ojo eed£ ү, *exoo[g. ‘siadvq (0) 
$ 41993 ,8101804щод (9) 
quaurqst[qegegr (2) 
81119 ng 
(Surpuiq 3urpnjour) s[euinop x syoog 
8913994 
7190798498} 


$1u21493 15. Q81(] 


м 51-96 








$1'969'75 


64 169 L 


€8' 100' LT 


ап зн 


"an 0} uaar виоцзазахо рив morjmunojtit г oui qua Е ` 
ат pue шоцгрәләч} dn UMBIP А1091109 eq 0j и £go pue ojereq) Surrey sie]ouoA раз soo. eq) Чим 93000228 әл» oq, peuruexeo BABY ә 


LIAO ұвоцвшәцузуү BIMBY оцу Jo slaquiay~ aq, 


"qp oc 1930], 








8£'86* 


TV'GgI'? 


90'892'9 
SF L86'T 
ё1`899'@ 
t6' LEST 


‘аа ву 


от 


sjyanoooy sur eg үөзвод (pi 
(pang во) Я ^o) eq (9) 
(Pung “d D'M'M) са 19) 
д (pung 1919495) 8910 d "р (2) 
38ә1әјир — 


вәопәтод JO вит JBN (tt) 
[в80ә 3вәдү JO 340p) (1) 
зао * 


9 

uonsuoq ‘6 

spasoold ajeg `+ 

5а З Е g 
g 


899] потевпору * 
uonduosqns diqsrequay + 


(000'g 8H 9n[va 908g) 

ipung 87199 "Я `0) VON 1^5 (2 
(000°S "SH эта 0087) 

{рд ассы СЯ) вәюҹ а ^9 (р) 
(ono'g 8} эпТза eom) 
(pung 1813099) вәзо а 'D (2) 


‘+ yuBg 8391435 рэувоа (л) 

"* (asuadsne u) og 

Ipu jo xusg paun (24) 
(pung sumo c OQ! Og (n) 
ipung d D X я OD ч» 

пәр) PUJ јо xusg 21838 (+) 


squsq ie 929% EA (9) 
sdursjs up (и) 
qseo up (n 
freye109g HM (D) 
a»us;eg 9110290 "т 


(pun 


'$1di12023[ 


‘REBI ‘qaawaoaqd *1518 оману "EX FAL UOJ ALSIOOS IVOLLVNHHLVYL VLIAOIVD AHL dO SINQOOOY SINZKUSHüGSI( ANV SIJOIY 


ALAIDOS CTVOLLVWHIH.LVIN V.LLOO' IVO 





. . BULLETIN 
` OF THE 


CALCUTTA 
MATHEMATICAL SOCIETY 





. VOLUME 81 | NUMBER 2 


. JUNE, 1959 


BOARD OF EDITORS 


Р М. М. Basu 5. C. MITRA 
В, B. SEN М. Rav 
К. №. SEN В. М. PRASAD 
| В. К. SETH 
Б | Р. К, Снозн (Editorial Secretary) 


P 


"PUBLISHED BY THE CALOUTTA MATHEMATICAL SOCIETY" 


THE COUNCIL OF THE 


CALCUTTA MATHEMATICAL SOCIETY 
1959 | 


President 


8. N. Bose 


Vice-Presidente 


Ram Behari - : V. V. Narlikar -- 
Р. О. Mahalanobis B. N. Prasad 
М. В. Sen 
Treasurer 
8. C. Ghosh 
Secretary 


P. Р. Chattarji 


Editorial Secretary 
Р. К. Ghosh 


Other Members of the Council 


G. Bandyopadhyay В. К. Chakraborty . 

A. C. Banerji J. De (Asst, Secretary) 
Banatkumar Basu H. M. Sengupta 

Т. С. Roy R. N. Ben 

М. а. Shabde В. В. Seth 

U, В. Burman C. N. Srinivasiengar 





Price per volume Re, 20/- (India) and Rs, 22/- (Foreign) 


ONS Y 





A CLASS OF STEADILY INCREASING CONTINUOUS 
FUNCTIONS WHICH ARE NOT ABSOLUTELY 
CONTINUOUS 


By 


Н. М. Sewaupra AND P. L, GaNourr, Calcutta, 


(Recewed November 55,1957 — Revised March 7, 1958.) 


The classical example of a function f(x) continuous and monotone in Oz; 2 g1, 
which is not an integral, is well known and is о be found in text books. The function, 
usually called Cantor function, was studied by Hille E and Tamarkin T. D. (1929). In 
defining the function, numbers in [0, 1] are exhibited in the scales of 3 and 2. Gilman 
(1982) generalised the above function by exhibiting numbers in the scales of « and В 
where а and В are positive integers such that a—1 is divisible by 8—1. This process, 
therefore, gives rise to a class of Cantor functions which has the power of the set of 
positive integers and which contains the classical example of Cantor's function, A Cantor 
function was defined by P. Herzog and В. H. Bissinger (1948) by using the representation 

of real numbers as simple continued fractions. J. von Neumann (1950) gives an example 
of a steadily mereasing continuous function which is not absolutely continuous. It con- 
tains a key to the construction of a class of such functions. The method, however, is 
primarily geometric in nature. The present article is devoted to writing down a class of 
infinite series Xa, = 1 (a, > 0) and then defining a function of the above type corres- 
ponding to eaca such series in an arithmetical way. ‘his slass has the power of the 
continuum and the classical Cantor function appears as a degenerate case. 


We start with an arbitrary convergent series ХБ, of positive terms such that Zib. C 
<1. We then construct another series of positive terms Ха» such that 


(1) San = 1 (2) dy > Ry = anpi tajat. 
Some properties of such series were studied by Prof. P. Kesava Menon (1048). 
We impose on a, the further restriction 
(8) 0 a,—R, < b, [9071 


With the help ot each series of the above type we propose to construct a Cantor 
function. 


An actual construction of а series of the above type may be carried out as follows. 
We choose а, arbitrarily such that 


$<a,<(1+5,)/2 ° 
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Once a, has been chosen, we choose a, such that 





When a, has been choosen, we chose a, such that 


b, 1-,-а,} 


1—а,—@ Qf 1--а,—а@ 
a *< а, < 27M +в, 


When 4,, Ggs.. Gn- have been chosen in this manner, we choose а» such that 


Echec асыш fnt eg mof Lf na + Èn, едын A aj 
This process being continued indefinitely, we get a series 3a, of positive terms such 
that (1) Ха, = 1 
2) a, > Е, 
(8) O<a,-R, < b,/2771. 
Proof: Since Gn < 1—-а,—@,—...—@к-, 
we have 8,0, +... Fd. «1 


Hence Za, is convergent and Xa, 51 


Algo 2,30 ав noo 
Again Ва, > 1-4, — 4m... — Gn, 
i AO aitaa t. Han > l-an 


Hence Ха, >> 1 showing that Za, = 1 
Now Е» = Ong, t+ nga t ss. 


= 1—(a,+a,+... а») 


Hence from (1) а, >1- (а +а,+...+а„) = В» 
Algo 1—4,—4,—...—604., = dy Ry 
Next а, < LTT aT T in yn 

2 z^ 


2a, < ant Ry 4 b, 97? 
Hence a, — В, < b,[2^71 
It may be noted that the numbers a, may be taken all rational if we во like and 
then Е, ів also rational. They are at our disposal and subject to the conditions laid down 
we can choose them in an infinite variety of ways. Asa matter of fact, the aggregate of 
the series of the above type, for each choice of the series Zb,, has the power of the 
continuum, 
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Having constructed the series Ха, we define a function f(z) on 0 <2 zz 1, according ' 
to the following plan. - | 


Let S be the Cantor seb оп 0 < = zz 1. The elements of 6 in the ternary scale are 
expressible in the form . ` 


"dad, da... 
. where each d is either 0 or 2. 
The set CS consiste of points of the unit interval whose representation in ternary 
scale consists of expressious of the form | 
*Q103. --@я.-. 
where аб leasb one o 18 1. Н 
It may be noted that numbers where 
| вк = 1, 0+1 = Ch+s =... = 0 
and 01, @a)---k-1 are 0 or 2 only, belong to 8. 
We, however, agree to express numbers of 5 by using the digits 0 and 2 only, This 
will ensure unicity of representation of points of В. 


To any point of S whose representation is of the form 


a= ‘didy dne 
where each d, is 0 or 2, we associate the number i { 
: fla) = Ха, 
where a, = 0 if d, = 0 and a, = an if dq = 2, 


We define f(£) on CS as follows: 
Let 8,, ба, 8,,... be the everywhere dense set of enumerable open intervals of CS. 
Any interval 8 ів such that its end points £ and n, ( « 1) belong to 8 and such that 
E = wu. suc 0292 
т = м. мии. 2 000 
where Wi, u',, m-i are 0 or 2, | 
Hence Кё = a' 4 a', t ta mo Ната: Hampa +... 
fly) = «a. ues a^a 
Obviously, (6) <f(q) since am >{Rm 
We define f(z) in the interior of 8; by 


It is easy to show that f(x) is steadily increasing and continuous in 0 zj 2 « 1. 
Now, from the construction of f(z; on the complementary intervals constituting 
CS, it follows that on 


<< iz) = 88,1) 
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| On.each of the following complementary intervals, which we shall refer to as 
intervals of the second order t.e. intervals deleted at the 2nd stage to produce S 


viz. (i) ` p<? (1) ф<а< я 
welhave ` | f'(z) = 8*(a, — Е, 


On each oí the intervals of the 8rd order viz. 


Q a<e<d, (0 чех, 09 <e, (iv) о 
we have f (х) = 8'(a, — В,) 


On each of the 2* complementary intervals of the 4th order, we have 
f'(z) = 8*(o, — E). 
In general, on each of 2**' complementary intervala of the т! order, wo have 
f(z) = Brlan — H4) 
The function f(z) so defined is thus continuous and steadily increasing in 0 5251 
and f'(z) is summable in O zzz z; 1, Further, 


l & 
] ['@4 = (a, — R,) -9(a, — R,) +940, RS) +... ] 
0 


< by + byt by Rus 
= C<1 = f(1)—f(0) 
It, therefore, follows that each series Sa, constructed in the above way gives rise 


to a function continuous and steadily increasing on Oz; = 1, which is not absolutely 
continuous. 


Bince the aggregate of such series has the power of the continuum, the aggregate 
of such functions also has the power of the continuum. 


In particular, if we take” 
9 = 
a, = (1-4)/2 = 4 
a, = (1—0, —0,)/2 = $ and во on 
then the above process gives uS, ав & degenerate case, the classical example of a conti- 
nuous monotone non-decreasing function f(x) on 0 < 5:51, such.that fis) is notan 
integral. ' 
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SELF-RECIPROCAL FUNCTION AND *..-TRANSFORM 


By 


KRISHNA JI SurvASTAVA, Lucknow, 


(Communtoated by Seoretary— Received April 8, 1867) 


1. The object of this paper is to apply the Erdélyi-Kober (Erdély:, 1940; Kober, 
1940) operators of the fractional integration to develope the theory of ©,- transform. The 
operators of the fractional integration and differention for the class Г,,(0, оо) are defined 
a8 





RE | е eif () dt (1.1) 
E, f = | (t-z; t f) dt (1.9) 
Ie f= a f (6 2)е- ир) di (1.8) 
К+ f= Г f арор) dt (1.4) 


where Rey>—%, Reu>0, The kernels bave io be ‘cut’ when Rey<—#. When 
Reo = 0 the operators still exist as mean square limits and in particular 


It of = Ke of =f. (1.5) 


For negative values of Re a we define 5 as (Lí,,-^! and K- a 88 (К. SIR 
Bhatnagar (1954) has proved in details that the kernel 
т„.@) mot f IAI ei ац (1.6) 
0 


plays the role of a transform, and calls a function g(x) to be the ™,, , — transform of f(x) if 
it satisfies the integral equation 


glz) = f. (ey) fly) dy (Ве р, „> -$) (1.7) 
0 


In case g(x) = f(x) we call f(x) to be В, ,. 
"The Mellin Transform 99,7 of a function ffx)€L,(0, со) (1<р<9) is defined by 


Hoy= Bute) = | ejede (p= 1) (1.8) 


о 
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and 
. 8) = ӘЙ,/ (a) zii i jm, f Hee We'd (1<p<2) (1.9) 
Ija - 
where L/p+1/p’ = 1. i 
The inverse Mellin transform 2 !O(t) of a function Є//, (– оо, оо)(1<р/<9) ів 


defined by 


Molt) = ds n оч (p= 1) . (1.10) 
Molt) spim f (echan (р) (1,11) 


2. Hardy and Titchmarsh (1987) have defined a class of functions A(w, a), where 
O-ozr, а2>{ as functions which (i) are analytic functions of x = re, regular in the 
angle A defined by 770, | 8 |<о and (ii) are O[|z|-*-*] for the small z and O[[x f»-1**] 
for large 2, for every positive 8 and uniformly in any angle | é|<w—e<wu. Bhatnagar 
(1958) has given the following theorem : - 


A necessary and sufficient condition that a function f(x) of Alw, a) should be Ry,» ів 
that it should be of the form 


ЕЕ 
f(a) = zi bbb sas eim Rec: 8 (8) da (2.1) 


— 
where (s) is regular in a<o<l—a; (в=о+її) satisfies the functional equation 
V(s) = V(1—5) and is E 

O[e r7 9 1 t 1 ] 


for every positive є and uniformly in any strip interior to а<с<1-—@ ae с is any value 
of c in a«ze«1-—a. 

3. "Theorem 1. If Ut „РУК. J^ stands for the operator 1+ | performed т times 
and K; performed n times in all, in any order, and if 1+, and K- , belong. їо L,(0, со) 
then {+ JME "+; „ЧЕ; - J^ is an operator балесна an Ra, into another В, , 
function. 


Proof: Let, for the sake of simplicity, f(z) belonging to the class L4(0, оо) be В, ,. 
Then* we have - 





*A necessary and sufficient condition that a function f(x) г L4(0, oo) be Ru, , ів that 
it should be of the 


Қа) = Or LJ QED (A + gat it) T + by + Mit) (3 it) tdt 
1—1 
the integral 18 а mean square integral, where 


di + tt) = Гр + hu tpit) IA + hv + dit)j( + it) 
belongs to Li4(— со, oo) and (а +) = (0-11) ie., (1+ Й) is an even function, 
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fatio 
Ќа) = [ Р-Н qt, 
t-te 
where P(4 +it) = any + hut B) Doe hv + ИЮ +й) 
т 
and ¥(}+it) satisfies the conditions 


Wh + tt) = y(& — it). 





and 8-й) = Овоо 11), 
Now EE WX 
= = -.ф)=-1 Жу ырай 
rfe IYa) i (2-6) тр" dp E P(3 +it)p | dt 
тле atic 
= / РЗ Tat) a f (z—p)s-ips-i-i dp 
I'(a) jb : 


iHe see cg oe cd ae) 
= Рае ХО a at 
: J A A 


100 
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(3.1) 


The change in the order of integration in (8.1) as valid for Re 47» —3; Re«»0, on 
account of the absolute convergence of both p-and t-integrals, the latter by virtue of 


the asymptotic behaviour (Whittaker and Watson, 1052, p. 279) 
I'(a +18 +iyt) = О(е- 11 148-1) ав | t |-> 
, | P(3 4 it)t7à-" | = O(eC -4*9111) for all £20. 


Repeating the process it is easy to see that, 1n general 


м tHo лаан Г+ї#-й) 1” 
Ure = орана клы Га 


Similarly 


уе 
к; f) =үїу f tp—aye-tp-meap f Р(ф + #)р-+-%1 


{- 
у . a Lyte tit) 
= Eitig-i- it Y 
I нше ТГ(« + 0424 it) 


| (8.2) 


(8.8) 


provided Re а2>0, Ве т2> —4. The change in the order of integration | eing justified as 


before, Repeating the above process n times 16 easily follows that 


ea" E. prac [  pasitea-d,  LEG*3-iD]" [PG + it) 
{Ix 3 1K; P 2) = P(t + ithe t Траур 


provided that Rea>0, Re т> - 4. 





a (8.4) 
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Henee 


] fer, | р 
Н, IME, Jtr; к Pe ed. f 2+" T(3 + dy + НОГ du + git) x 
х {-1® 


Wa + it)o-i-!dt (8.5) 
where 
i =f LPG3-779]"[D( € 3 + it)” 
y eit) Im е 
O [P3 [++ | 
| т Vat) 
Since wV,(4--it) satisfies the condition ~,(4+it) = ¥,(g—-it) the theorem follows. 
Theorem 9. If И ЧЕ? P stands for the operators 1. performed m times 


and К+, performed n times in all, in any order, then 
Ы. "S Poi Puc |" 
ів an operator transforming an R,,, into another E, , function. 
Corollaries, (i). When т =n we have from theorem 1: 
Ij Кә) is Ru, then {I+ ЕС J^ Ца) is also В, „ provided Вет>-ф, Re 70. 
(i) When a = 1 we find that the fractional operators reduce to 
1+ = f dy - and 


"n 
0 
€ 3 
and we obtain a result similar to that given by Bhatnagar (1953). "Taking р = v/[2—1, 
v = v/2+4 we geb a result similar to one given by Gupta (1045, Theorem 1). 
Examples: We give here two examples for the case m = п = 1%. 
(i) Taking (s) = 21a F/T (4 + dv + 8) 0G + àv — 48) 


we obtain from (2.1) 
Ка) = АО, (x), an Rav fuaetion. 


Then, 





Yee . Г(а+а+ф) _ 
I fE = n HS Thiet 4у+1) Ша ++ 8) v 


Ё gs ivtinti -a/a ] 
lant dvl, аата, det ДА; 
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Hence, by Theorem 1) 


| И PU +) TA Ө рин 
+ = 9is-t 1 1 
(K; Js Je) = вич Оут ee n 
роь node diodes 
ура ал, Liaty, Ф, З руф; 





Dhan ieas ГО 29) Ги dort 
Гф + + Ге +2+2 Га) 


Е я 1+8, 8-41-42; 
NC Фу}, dam 1, $258, à +4160; 


+2-в-р Dy tet 90g n pate У 
Dutti) (a 4m t po hl (ety + pod) 


а [iether bn tte +, f-do-dy thy, 2 фа 1n tty; 





dutavtl, Зе ва 3, фо фа $, оф, фр 


ів also an Ry,» fufction. 


(ii) Next, taking (в) = Qtet+iv-9/2 
чечме Dh Қа) = mtiti Kirga (ш), ап В»), function. 


> 
e Hence 


з ир оь Ga ag te + d) In- 

{К Я Jf) аса (а +у+ +4) (6+ т-у 4) 
ИУ, фату, ира у да+; 

‘ кзн get gy thet 1и, tnt -intii 
„аа ЛГУ dw аъ) Гр Ф) nuty 

To I(a-gkrucr$£i(ate-4-—*) diss 

Р Hanae dntdncti, афр фа 5, фи łat; 

"Lae thn tage th, Фа + + death, 1 фу das За 2— ат и; 





s-an Liv dnt DI (au — {т + 2) Г(1 +23) 
оти T(14 o 4 mia) 


D. "tl, 1-42, $- ida; 
UU gae mtd, вач, b, 24у фт, фра: 


вв, TV-in- DUE a п DT 29) „ы 
~ 5/2 c x 
л Tatem e-l) 
[т 1+3, 8-4, 1-4; 
“Чаи +1, датта, 8, do dv dv Ф445 
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is an Rp, function. 
9—9011P—2 
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& In this section I consider the transform іп а modified form which has been 


defined in one of my previous papers (Srivastava, 1957) ; i.e., 
N or 
S, o PG) = lim. Sq. | (y) kem, (4429) 900) dy (4.1) 
- 0 


where o(y)eL4(0. oo). 


Putting (у) = (2y)-*/(2y3); Fly) = (22)-*g(2z1), (4.1) reduces to (1.7). Further, 
we see that fsL,(0, co) implies FeL,(0, со) because [e], = |f], and |F ja = |g,*. 


Now let us consider a pair of functions consisting of an arbitrary function and its 
transform of order (2u, 2v) «ud then consider operations changing this pair of functions 
into another pair of functions connected by the transform of some other order (26, 2»). 
The class of operations obtained thus include certain results given by Bhatnagar (1958). 


Now I formulate two rules for the functions belonging to L,(0, со). 
Rule 1. Let Е = Ф, |, 9A = QUK, @ = RTA, then 
Iati +4 -i)D(E 4-4-2) + 4-1) RE) = 
Г(и+% +19) Div + 824 D +4) Га 3 :0)8(—2) (4.2) 


is a necessary and sufficient conditions that 
f sert ay = Sue a f Kento au} (45 
0 0 


Rule 2. Let F-= Ф. ў, 2A = ЖЕ, G = QUE, then 
Tipt tO (vc) Г(@ 4—1) D(42-3—i0) М0 = 
Г(и+-й) D(v-3—it) T(£ 3 i0) D(o 44 :t) B-t) (4.4) 


18 à necessary and sufficient condition that 
f seti Pa) dy = Sd f kehit as} (4.5) 
0 0 


Proof of the Rule, Necessity: Taking the Mellin transform of both sides of (4.3), 
we geb 


| f ot f керту = fem dol Sian мели ay] 


0 
f mm f mesh enay f ote] 
0 0 


10 


© 


ao 
i,e., ] F(y) ay f К(шу)ш-++!!@@ = 
0 


0 





* | fla means [Г КР a] 
0 
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1.0., ЫЛ, y^i-dy = for itis [тш saf Tae, (А су) (ry) (ву) ау: 
0 








Tas ii Е © ә = 
е) Be) My = ] f()ds ] К (гу) af To, s (4 zig) te- td 
"T d р Га) (o thit) 
/ f) as f Rey) dy yi EL CO TG нат 

fos ш Ee а 8) 3A уу = EEREN) лш TID < ym. : 


` IGI v giu) Téti) n+- 


where the change in the order of integrations are permissible by the absolute convergence 
since f(x), К(х) and k(x) belong to L,(0, оо) and ©, (a) = O(z-3) for х and ©, (<) = 
О(1) for а small. Hence (4.2) follows, 


Sufficiency: Since (4.2) can be written as 


Ig i-il( 34-1) =. DG rae Lope 
аорта) 5 )guf- I(f-3-101"344$— iD 9 - 93. 


: eee -I if Гожа оу 
1,6., u y^t "F(y)dy |) РЕ РОН -{/ чету у} ` 


ie., { Гэ-ина» [cortan = Генна Suga, [tein ay} 
0 0 0 0 


and hence the rule follows. 
The proof of the Rule 2 is quite similar. 


The representations 
ie) BL Ore peior +4 +++ | ве 


of a pair of kernels for Rule 1 and 


K | 
io =a [Ta iT +=) +g tit) ГО + + it) A e ] (4.7) 


of a pair of kernels for Rule 2 follow from (4.2) and (4.4) respectively. Q(t) is an 
arbitrary function such that right hand sides of (4.0) and (4.7) respectively exist. : 


Some representations of the kernel: Let us consider 
р | | 
Mz) = 1/99) f D(a t$ —:)D(vr 4 -ÓI 10) ГО gitet tdt (4.8) 


where we assume that Re(u —3), Re(v—4), Re(¢—4), Re(4—1) are not negative integers. 
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Evaluating A(z) by considering the sum of the residues, we find 
A(z) = Met E+ UD (+ E410 – Oat Вии vt El; н-т at 
Г(д ++ 1)Г(у + -++1)Г(&—з)" ,Fi(u- 1, vtl; 1+1-&} 2) (4.9) 
where |2 |<1. 


Let us next consider 
A(z) = (1/92) [те +++ Гог ++ ith (nt e+ithe-t-"dt (4.10) 
-00 
where Re(u — $), Re(v - 4), Re(£—1), Re(y—4) are not negative integers. Evaluating as 
the some of the residues, we find 


№. (а) = T'(v — )T (E ШГ а)" „Ё„(;1++д—у>,1+и—1,1—д—ё;—) 
+ idem(u; v, &, n) (4.11) 


where idem (а; b) after an expression means the proceeding expression with a and b inter- 
changed. 


Hence the representations 


Е (2) _ h(y)dy 
на) T M), зму-уду e 
and E(x) 2 h(y)dy 

k(z) =f yy dy os 


for the rules 1 and 2. In both (4.12) and (4,18) h(y) is an arbitrary function of L,(0, со), 


B, We now consider an operator T,,, dafined as (Erdélyi, 1941) 


T, f(z) = lim. sce f vitas Qu] Ку) dy (5.1) 


where Re2-—$4. The integral is convergent in the ordinary sense if Беа}, Itis 
easy bo see that 


a Са rit) 
UC, {) = у (5.9) 


Formulae (4.2) and (4.4) suggest that 


ith : 
" innere s i 
or im = T, dr. a |, e) 


should be a suitable pair of kernels for Rule 1, and that 
either K(z) 


: а) ^ Th t-a iu " eim) 
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should be a suitable pair of kernels for Rule 2. In both (5.3) and (5.4) A(z) зв an arbitrary 
function such that (5.8) and (5.4) have a meaning. Ihe truth of (5.3) and (5.4) can be 
verified by teking the Mellin transforms of both sides. 


Iam grateful to Dr. В.Р. Agarwal for his help and guidence in the preparation 
of this paper. 
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STRESSES DUE TO A CONCENTRATED FORCE IN AN 
INFINITE ELASTIC PARABOLIC PLATE NOT 
| CONTAINING THE FOCUS 


Bv 
Mapan Monan, Kharagpur, West Bengal 


(Communicated by Dr. D. М. Mitra—Receiwed August. 7, 1957) eas 


ee 


Lore Tu eium 
Summary: In this paper the method of complex function theory- has been eñployed to solve a two 
dimensional problem for un elastic plate with stress free parabolic boundary not containing the focus under the 
effect of & concentrated force acting-ut any point of the plate when the stresses and rotation vanish at infinity. 
The method leads- to ihe solution uf Hilbert problem. 


1. The first boundary value problem of plane theory of elasticity шау be solved 
by Muskhelishviti'S method of complex function theory when there are no singularities 
inside the elastic material. The problem when concentrated force and couple act in 
the interior of the region has been eojved in some cases by Green and Zerna (1954). 
Here we work out the problem for the plate with a parabolic boundary not containing 


the focus when a force acts at any point in its plane, the boundary being supposed 
stress free. 


The elastic region is mapped conformally to the half plane, the parabolic boundary 
transforming to straight boundary. Using the principle of analytic continuation the 
probiem is reduced to Muskhelishvili’s so-called problem of linear relationship for the 
determination of a single sectionally holomorphic function, The particular case when 
the force acts at the vertex of the parabola is obtained from the general solution and the 
result in the case of normal force at the vertex is scen to agree with that derived from 
Tiffen’s (1952) solution of uniform distribution of normal pressure over a finite uro, 
symmetrical about the vertex, of the parabolic boundary. 


2. The stress components at any point of the zplane (z = %+iy) are expressible 


in terms of two complex potential functions $(2) and ¥(s), (using the notation of Green 
and Zerna, 1954), ав- 


as Суу ==.4[Ф(в) + Ф/(в)] | 
(2.1) 


Оа — Суу + 2irg, = —4[ 20” (2) +07 (e)] 
where the dash over a function represents derivative wilh respect to its argument 


Suppose there acts a force P = X +iY at a finite point а = z, of the parabolic plate, 
For the unique solution (Green and Zerna 1954) the functions g(a), Y^ 2) must, for large 
таев of |z], satisfy the condition 
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(2) = сы ee «e(1), 


Вла 





(9.9) 





ve= Z +001) | 


provided the stresses and rotation vanish at infinity, 


The potentials ọ,(2), ¥,(#) which define a stress system due to the concentrated 
force are given by 


= ХНУ \ 
(8) = ir pars" 8%), 
(2.8) 
_ КОХ й) X+iY , в 
npe тт PM AMA ice 
where for plane sbrain k = 8-40, (2.4) 


o being Poisson’s ratio. 
We have to find daez potentials e,(2), Y,(2) во that the combined potentials 
Plz) = esa) + eG), (2) = Yol) + V. (2) (2.5) 
e given zero applied stresses on the boundary and satisfy (2.2). 
It 18 clear from (2.2), (2.8) that $’, (2), у”, (2) must be O(1/s) for large values of [2 |. 


3. The transformation formula 


2 = 2(t) = a; Cia, ЕН, o> 0 (8.1) 
maps conformally the exterior region i.e. one not containing the focus of the parabola 
x? = —2a’y + a* (8.2) 


to the upper half, т > 0 of the {-рапе. Let St, S- denote the regions т 22 0, т< 0 
respectively and let Г, represent = 0 which corresponds to the parabolic boundary. 


The stresses се, с, те, in (É, n) coordinates can be expressed in terms of complex 
potentials (t), Y(t) where 


glz) = ofa] «e(t ey. (8.8) 
and e(t = PO + e(D, VO = VG) +00). (8.4) 


However the formula (Muskhelishvili, 1958) expressing the stresses on the boundary 
can be easily wribten with the help of (2.1) 


"EE +20 0 , 0 2970 ,¥O] T 
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DS + 
The functions oe | a are defined in St- We extend the definition of E tothe 


whole of ¢-plane by putting (for { in S~) 


e, (Q. 29 d eq vs) ` (8.6) 








If & belong to 8+, t belongs to S7, so that from (8.6) we geb 








nO O OKE KO 
a) rO RLG rO 
or WO — 8/0 - 8TH FOE уук BY) (8.7 


With the help of relation (8.6), the formula (8.5) becomes for { in 8+ 


у јар 


29 0а we) 











aO 9. (0, +(1 EN 
а'( 


(сіта) = a(t) _ a' (©) 7 Q) 


WO в). 20 ав) 00) _ (вө, 
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We assume that as т tends to zero, the third and fourth terms on the right hand 


" + , = 
side vanish identically and that limits Ea and ЕЧ exist for all t on L. If the 


applied stress on the boundary vanish, we get (for t on L) 








| Ф, (t) и Ф,/(%) p L9) _ ev _ z(t) d 9, () yv 
[22] [272] E Z(t) di (6.9) 


w(t) 2 20 dig) a (t) 
The Bent hand side of (8.9) expresses the discontinuity of E on the boundary L. 


From the definition of dompis potentials 77 E 00 LAUS we Observe that right hand side 


20’ #0 
satisfies Hólder's condition and thus the unique solution 9, (D/2(t), seetionally holomor- 
phic everywhere except al the pcint $ = —ia and which vanishes’ at infinity, satisfying 


the boundary condition (8.9) is given by 


e) 1 фо (t) 4 80 a(t) de Y) A : 
z9 2л! | ae ') 2% * 73 m Us ^. zi Je а (8.10) 


whefe А i8 ап unknown constant, 
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4. The integrals in (8.10) can be easily evaluated by theory of residues, Thus we 
obtain, (for ¢ in S*) 


$0 _ УХ 1 Y 4iX 1 Y+iX (€,—ia)(t +ia) 





z (t) Anlk tD та) + іа) dr(k +1) (С, — ia); — &) 8r(k +1) it- C)* (E, —1a)* 


Y+iX 2-5) — _ Alo tiatia) | 
Balk +1) tt. іа) 06—014) (t, —ia) нь — 2ia)* (0+ ia) 


k(Y- ix) g= Bia ER (4.1) 
Чин іа) 0) 8а) © 





whereas (for { in 87) 


a) Y-ix ONU ed NC їз 
zO ktit (itr G) 1) & -ia ort 9а) Salk +1) 











(ia) +2-Ыа) — , Y-ix a-zi E —2ia)— (&, — Bia)(t + 20, — Bia) 
(6, —8iaj*(&, ia (tet, -2iap Sat +1) (Go — ia)*(t + t, — Bia)? 








- k(Y —iX) 1 n 4.2) 
+ Inti) Е Bis) (t, — 2ia) {+ іа ( 


e 
where t, corresponds to the point Zo. 
With the help of (2.2), (2 8), (2 5), (8.8), it is verified that 9,’(C)/2’(Q) is O(1/%) for 
large | | and hence the unknown constant A is determined by making zero the coefficient 
of 1/t in the expansion of 9,’($)/2’(f) for large | GI. 
Thus 
Y-iX 1 Y+ix 1 —RkY-iX) 1 | Y+iX (С. + ia)? 
An(k-+1) (tia — Bm 1) C, - ia 4n(k +i) C — Bia Вл(к +1)‘ (£, В:а)* (іа) 








А=- 





With the above value of A, (4,1) and (4,2) simplify to 


$10  Y-ix 1 у k(Y—iX) 1 
(0) An(k +1) (tiai + +24) — 4n(k 1) (t — & (C + ia) 








Y+iX — (bia) — (ia ((inS*, (4.4) 
Вт +1) (tia) (5, — ia) (t7 6? 








«D. Y-ix —— 1 МЮ 1. 
VQ) а) C—O) i) 4+” ню) 
| Y+ix T a ((in87) 14.9) 
Salk +1) (+ ia) (Kj — ia) (E+ t — 2ia)? 


3—2011P—2 


70 М. МОНАМ 


Hence the potentials defining the elastic state due to concented force X +1У in a 
parabolic plate with stress-free boundary, are 

















A б ыы тешр). 
AQ 2) 20) ^ Sekt DL QUU "Ки 
Ү+1Х (+) (ба: 6 
Balk +1) (ау а) — on 
and . " ^y 
V Wi, V) WOZO fe), AO] Яр d еи) Ке 
XD CAUCUS = ay К ж TE zi) dt 7) E 
s hers Vu) kY +iX) 1 rey (t, —ia)? иё 





z' (t) rij ((—3) а) xk) (&— 6) (t£ + Dia? 


and the full expression for this complex potential can be written using (4.4) and (4.5). 
It is easily scen from 4 6;, (4.7) that for large |t] 

e'(t) Y-iX ( 1 ) 

a +0( = 

z'( 4ni' 9 

and (4.9) 
VO o нх.) . 
2(0) 4st? g 

which are tbe correct forms as can be verified using (22). The complete distribution of 


stress and displacement may now be obtained from complex potentials (4,6), (4.7). How- 
ever the value of оп on the boundary is easily evaluated. 





МА 


Lett = ib, b >O i.e. z, ів а point on the axis of the parabola. 


Tg = rE 55 {ех[@-®—]+у[ Ше. К) +4 jJ 








4ab ; ж P zx 
жт к у EZO +206) + 100067 + ав) (4.10) 


5, Concentrated Force at the Vertex of the Parabola. Ilis seen from the above 
solution that we can derive the effect of a force P = X -- iY acting at the vertex of the 
parabola, which corresponds to the origin of the {-plane, The complex potentials (4.8), 
(4.7) reduce to simple expressions 


rE) Y~iX (5.1) 


Santee T | ee | 


2' (5) Artit + ia) 








S VO ніХ. | a(¥—iXyC—ia)(git а) (5.3) 
&(C) Ат xu) gat (C +14)" И 
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The stress distributicn is completely detcimined from (5.1) (5.2) and the value of 
т оп the boundary is given by 


_ 9(tY—aXi 

оа = За я AP (5.8) 
6. The solution given by (5 1), (5.2) can also be derived from the problem of 

uniform distribution of pressure over а finite are l, symmetrical about the vertex of the 

boundary of the parabola. A similar problem when there acte normal pressure on the 

arc of the parabolic boundary has been workid by Tiffen (1952) using a combination of 

complex potential and Fourier Integral method. 


Let the uniform pressure, р„ along the normal and р, along the tangent, act at 
every point of the boundary acl and let { = —b, £ = b correspond to end pointe of it, 
By making 9,({)=0, 9,({:=9(t) п formulae of para. 3, we get the boundary condition 
from formula (8.8) 





st] FeO _Р | 
Ке | КЕ | ae (for t on 1) (6.1) 
where р = ра (р (6.2) 


The unique solution of this boundary condition 1s given by 


VU co P „Р ИЕ (6.8) 


z(t) 4т ег 2 tein 








and on using (0.3), formula (3.7) gives 





yu). р-р pu Кер. bp 1 bp (tia 


z() їй iru ib Oar QR 97 (tía 





bp Gc bp giat вд 


Алі (tia) — 62) 4m (та)? 

If we putp= 1 the pctentials (6 8), (6 4) reduce to ‘hose obtained in Tiffen’s paper 
frcm relations (68) by using relations (40) and (63), (48) and (68) respectively of that 
paper in the case of uniform normal distribution of pressure. However it may be men- 
tioned that instead of relation (68) of Tiffen’s paper we have 


w(t) = = (02+ Biag + 8a?) and not 2 (02 + 15a*). 


e. 


The total resultant force — P acting over lis 


& , 
ZpS ] (X,+i¥,)de = Ј (re, tien) [e iz'( | dt = — 2iabp. (6.5) 


19 M. MOHAN 


Now if P = ХУ is the coucentraled force at the vertex, then proceeding to the 
limiting case when b tends to zero but 2iabp remains finite and equal to P we get from 
(6 8), (6.4) 





o(t) —iP 
z(t) Artt tia) i. 
vY iP аР ((—ia)(Bit —a) (8.7) 


“Оо +) 8 (prp 


oed 


The complex potentials (6.6), (6.7) are same as (5.1), (5.2) respectively and 
Т. <hese completely solve the problem of the concentrated force at the vertex of the parabola. 


My thanks are due to Dr. D. N. Mitra for his kind help and guidance during the 
preparation of this paper. | 
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ON A QUESTION OF REPRESENTATION OF ANALYTIC 
FUNCTIONS BY FABER POLYNOMIALS 


Bv 
Р. К. KorsmnEsTHA, Aligarh, О. P. 


(Communicated by the Secrotary—Receiwed November 10, 1957) 


In this paper we consider a question, suggested by Lokhin (1955), on the repre- 
sentation of regular analytic fuuctions of a complex variable by means of Faber poly- 


nomials. The question is: What is the representation of such functions inside and 
outside their regularity domain? 


1. Let G be a domain of finite connectivity with contours which do not reduce to 


a point. We denote by G the closure and by G* tho complement of this domain. 
Consider a class of analytic and schlicht functions 


w = (г) = s $ aar, a, = 1, (0 


уш=() 
where w(co) and w'(ee) > 0, which map б conformally and one-to-one onto the unit circle 
|w | zz 1 and G* onto the exterior ot this unit circle, so that the points at infinity in the 
two planes correspond to each other. 


> We assume that the contours C,,(i = 0, 1,2,....) аге closed snalylio curves; the 
complete boundary of G will be denoted by C. Further, let С, denote that closed ana- 
lytic curve which is mapped by the functions (1) onto the circumference of the circle 
10| = т <1. 

We understand by the Faber polynomials 10,(z) of the n-th degree the totality of 
magnitudes with nonnegative powers of s in the Laurent series of w"(a) in the neighbour- 
hood of the point # = ee[see Lokhin (1955), Schiffer (1848), Schur (1945) and Szego (1989)]. 
The existence and uniqueness of all Faber polynomials w,(2) for n >> 1 is easily shown by 
recursion. 


Now any regular analytic function /(#) may Бе represented in G by a series with the 
Faber polynomials as (cf, Lokhin, 1955) 


fle) = Anton, (2) 


where 1 
An = = § fla(w)]w-*-? dw, n = 0, 1, 2,......, (8) 
2ті 
a(w) being the inverse function of w = tw(s), and the integration extended over а closed 
analytic curve around the origin. 


The outline of tbe solution is as follows: If 0, = be the first «f the closed 
analytic curves, in whose closure f(s) is regular analytic, then the series (2) will converge 
inside and diverge outside C,,. But if f(2) could be continued anelytically across С,,, then 
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` naturally the question of summation of the series (2) outside C,, arises. We have followed 
the method suggested by Dienes (1981), which 1з based on the analy tie continuation of 
f(s) to Mittag-Leffler’s star domain, 

Let DCG be the regularity domain of f(z). If we denote by d the image domain, 
onto which D is mapped conformally by (1), then d will contain the unit circle | w {<1 
inside itself, We now consider in D three closed analytic curves C,,, Cr, and Cr, such 
that C, C C, cz C,. Let the images of these analytic curves be denoted’ by T, Г, and Г, 
respectively. We notice that f(s) is regular analytic on these curves and between them. 

We shall at first establish a formula to represent f(s) inside D by means of an auxi- 

> Нагу summatory function s, which defines the coefficients of the series (2). 


Theorem 1. The regular analytic function f(z) may be uniquely represented inside 
its regularity domain D by тватв jl an auziliary summatory function p(t), t = w(t), as 


в) = г “©шм р, - (4) 
al сер -z "S 
where 
deo | (5) 
n=0 


and A, are the coefficients (3). 
Proof. The function 





. is regular analylic outside Г,, where (со) = 0. ТЇ{ЄГү, then by Cauchy’s theorem we 
have (cf, also Szego, 1989) : 
g(t) = —f[s(0] + (0), (6) 


where | 
в) = 21. у Даа, (7) 
9gi I,cd w-—t А 


Put a(t) = {, t= w(t) in (6), Then 


e[w(0]— K9 + g[w(0]. ` (8) 
Thus g[w(t)] is regular analytic outside C,,, where g[w(c-)] = 0. Therefore | 
| 1o. gw] 
Ni qe Еи (9) 


for all values of #Є0,,< D (see aleo Dienes, 1981, р, 809). Now if we multiply (8) by 
(2«i);'((—2)"! and -integrate over C,, then in view: of the relation (9) we get the 
representation (4). в 
Since the choice of the closed analytic curve C, is arbitrary, the formula (4) 
represents inside D the regular analytic function f(z) by means of the auxiliary summatory 
function 9(t). The representation (5)of (i) follows directly from (7) in view of the 
. theorem itself. Further, the uniqueness of this representation of f(z) inside D follows 
obviously from (4) and (б). 
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2. We shall now show that the relations (4) and (5) make the summation of the 
seres (2) outside D possible, For lhis purpose we introduce the Mittag-Leffler's star 
function with respect to G. According to Dienes (1931, p. 808) the analytic continuation 
of f(z) = X Ао, (8) across the boundary of D gives rise to the star domain M with respect 
to the origin of coordinates of G. 


"Thus we prove for the representation of f(a, outside D : 
t "Theorem 2. In the star domain M the following ЕНИ. of the regular 
analytic function f(z) holds : 


T 


(в) = lim $ A,k,w, (в) Ё (10) 


n+ ymi) 
where A, are the coefficients in the series (2), w,(z) the Faber polynomials and k, complez 
numbers independent of f(z) and (2). 


The righthand-side series in 10) is uniformly poit in an arbitrary domain 
D,c M. 


Proof. Let D, be cortained inside C, lying in M. Then the summatory function 

o(t) is regular analytic ‘in М. Thus РОР. Mittag-Leffler's method of summation 
(see Dieres, p. 811) we obtain 

p(t) = lim SARN, (11) 


no y»-0 


"where k, do not depend on 9(t), This series . will be uniformly conyergent in any closed 
domain in M. Putt = (О in (11). Then 


шше lim 2, Ak [uH] i (12) 


The series (12) is again uniformly convergent їп any closed domam in M, in parti- 
cular in the closure of C,,. Now if we multiply (12) by (21i) !(&—2)^*, e€D,, and integrate 
over C,,, then in view of (4) we shall obtain (10), which proves the theorem completely. 


Remarks. (1) The representation of f(z) in this theorem oan, however, be 
extended to the curvilinear star domain. But we omit such considerations here, as they 
may be easily persued according to Dienes (1981, p. 818). 


(2) The representation (10) may also be justified as follows [cf. (Dienes, 1981, 
р. 811—2)]: Consider an arbitrary closed analytic curve C, in the #plane, which 
- contains the segment [0, 1] inside itself. Then there is а conformal map ғ = a(w), by 
which the domain lying inside C, 18 transformed into a circle of radius >1in the w-plane 
such that w = 0 and w = 1 correspond to the points s = 0 and ғ = 1, respectively. 
Since 2(w) is regular at the origin and vanishes there, we have, for suffiviently small Jw | 
| (0) | < є во small that we can substitute в = a(w) in the Taylor's series 


= $ А да", 


n=) 


olew ]= È As[stw]". «E 


Then 
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But 
a(w) = S Au, (18) 


[n=] 


and thus 
oLe(w)] = È Palju", 


where Р.(А,) is a homogeneous linear expression in A,, A,,..., An satisfying the relation 
(8). If (a) is regular inside Co, e[e(w)] will be regular in the closure of the unit circle 
{ш | = 1, i.e. the radius of convergence of the series (13) is > 1. We can apply the same 


syllogism to f(z), represented by (10), whence the justification of that representation oul- 
side D follows, | 


(8) We repeat here в remark by Dienes (1981, p.814): The only defect of all 
representations of the type (10) or (18) is that none of them converges in the whole star 
domain M but only in elosed domains contamed in M, which consequently tend to M if 
the arb:trary closed analytic curve C,, or О, is taken very close to the boundary of М, . 


We can, however, construct а representation of f(z) in the complete star domain M 
by considering the absolute convergence of the series (10) in M. For'this purpose let в„(#) 
denote the n-th partial sum of the series (10): 


вы(в):= > A, kou, (a). 


© ужо 


Then for |ю[=1, | (а) – в (а) ] «S в, < oo, where s, depend on С, Next we 
nel , А 


choose т» such that | A, — A, , [< ты for та < €n, where q4—0 ав n—oco. Under these 
considerations we obtain the representation of fiz) outside D as* 


f(s) = lim > Алиов), (14) 
f-ko yo 
where ka, depend only on £p, во that the series in (14) converges absolutely in the star 
domain M, 
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_А PROPERTY OF SETS OF POSITIVE MEASURE 
: М | 
В. К. Laui, Calcutta 


- (Receiwed— March 7, 1958) 


Kestelman (1947) has considered the problem when a convergent sequence “‘belongs”’ 
to a sel. Given a set E of real numbers he asks: if {Аһ} be а null sequence i.e, An=>0 ав 
n—>co ів there a number Ё such that é+ Àn belongs to E for all large n? If there exists 
a C satisfying the above condition he says then that the sequence {An} belongs to E. Tf 
every null sequence belongs to E, then he says that E is universal and writes EsU, 
According {о this definition, intervals are obviously universal sete. Kestelman (1947) 
has considered some sufficient conditions so that a set E[cE,, where E, is the 
Euelideau space of points or vectors (z,,2,,...7,), т» real] may be universal. He has 
shown that (1) Ша set E contains a'most all points of an interval, then E«U (2) if a 
set E contains all the points of an interval except a set of the first category, then also 
ECU. On the other hand, he has shown that if a set E is non-dense, then 16 cannot be 


universal, 
е 


Steinhaus (1920) ha: proved that if a sot Е is of positivo measure, then the aggregate 
of the distances D of the points of E contains an interval whose left extremity is the point 
zero. Kestelman (1947) has obtained this result as a corollary of one of his theorems and 
if a set H satisfies this property, then he writes HsS. He has shown that the property 
of а веб бо be universal 18 stricter that the property of being an S-set i.e., he has shown 
that if HsU then HsS, but the converse is in general not true which he has verified by 
constructing an example C.of a S-set for which C not sU, 


F. W. Ghering (1951) has introduced the notion of ‘‘image’’ of a convergent 
sequence in а set in the following manner, Suppose that {гь} is any convergent sequence, 
then {z’,} is said to be an image of (z,], if there exists a positive number а such that 
| En~ т | = а |27, | foral т апат. ([2—у | denotes the distance between х and y). 
From this 16 is easy to verify that if a set is universal, then it contains an image of 
any null sequence, On the other han, Ghering (1951) has shown that if E is a non-dense 
set, then 11 is aiways possible to construct a c:nvergent sequence which has no image in E. 


In this article, we consider the following problem, Let be a positive number and 
Е ^e а seb {С} of vectors in the n-dimensional Euclidean Space Е». By the symbol «Е 
we mean the set of vectors {effin En. 


Let «у, 9,,...94,:.. be a sequence of real numbers such that Li 9; = 1 No generality 
will be lost if we take each ор 7-0. Let E be any set of vectors in En. We enquire 
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whether there exists a point £&E, sueh that the vectors £/z,, €/a,,...€/%... belong 
to E for all sufficiently large values of К. If such a С exists, we say that the sequence 
{ax} permeates through the set E. Ifa set E be such that for every sequence {ex}, ar > 0, 


Lt a, = 1, thereisa ¢£, such that {4/9} belong to E for all large К, then we say that 
E is universally permeable. 


According to this definition, intervals are obviously universally permeable sets and 
we have shown following the method adopted by Kes!e!man (1047) that if the seb S&I 
where I 18 an interval, then 1 — 5 is universally permeable if (a) S is a set of measure zero, 
(b) S is a set of the first category. 


The following theorems run parallel to the corresponding theorems of Kestelman 
(1947). 


Theorem 1. Let C be a closed set of positive measure contained тт the open unit 
sphere in E, and let p be any positive integer, then there is a poattive number 8 depending 
on p and the measure of C such that if 


ГЕ Я 
be any p real numbers such that 
ІА, <А, <...<А,<1+$8 
then the set of points 660 such that 
ЕГА, £N E/Àp 
also belong to C is closed and is of positive measure, 


Proof. Let U be an open set containing C and itself contained within the umt 
sphere in. Е, such that 


[U|-|C| « [C] /[p*1 
Let 8(>0) be the distance between the closed seis C and U’ [U' denotes the 


complement of u]. 


Let C, denote the set CUG = 1,2,...p). So C, is the set of points {Am} where C. 
If £«C, then АС, and |А | = [1 0,71) <<] [8 < 5 since j£] < 1. Bo, Cic U for 
every 1 = 1, 2,...p and let us denote the set C by Ca. 

Let X = 0,6,...0; 

Since each C, is closed, X is closed and if £eX 
then . 200, C ,... C, 
i.e., EEC, E/M, E ApC. 


Hence X is the set of points ¢ satisfying the required condition. So, we are only 
te show that the measure of X is positive. 
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Now, X = 0,0,...0, 


ги» 0 ræð 


р р 
X' = 5 07 = 3 (0-0) 


X =U- X (0-0,) 


rw 


|х 101-3 10-6, 


= 101-5 0101-10,1). 


Now, б, = А 0I le] 
О, «1U|-|C| forr-192,..p 


Bg \Х|>|й|-2 10 1-101} 


=|{Ш]—(р+1)(10]—|0]) 
• >10|-[С| 

> 0. 
This proves the Theorem. 


If p = 1 апд п = 1, then e is a linear closed set of positive measure in —1 < z <1. 
So, by the above theorem there is a positive ё auch that if а зв any number satisfying 
1<2<1+8, then the set of points gC such that €/aeC is closed and із of positive 
measure. It follows therefore that there are infinity of pairs € and э belonging to C such 
that 


Now, given a set E we consider the ratios |{|/[т |, where Ё, е2 and |£|, |5 | are 
the distances of the points é, м from the origin Let us call the set of values of the above 
ratio for all possible pairs &, п of the points of E the ratio set R of E. It follows there- 
fore from the above result that the ratio set E of a set of positive measure fills a continuum 
of which an end point is 1. 


We have proved the above theorem by assuming that the set Cis contained within 
the unit sphere. 


Let us now suppose that the bounded closed set C of positive measure extends 
beyond the unit sphere. М 
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Since О is bounded, there exists а positive b such that E^ 
ЈЕ «b for &C. 


Now, consider the set О/Ь = D., For any point 6 we have |é’|<1. Бо, the 
set D is closed, is of positive measure and is contained within the unit sphere. 


So, given p there ів a positive 8 such that for any ·р positive numbers Ау, À,,...Àp 
satis'ying 1A, <А, <... <А <1 +5, the sel of points £'sD such that 


ї lg le. 
xe xU D: 


belong to D is closed and is of positive measure. 


Now, еШ implies bf’eC. Во, the set of points bé’cC and such that 


SE б (r=1, ton 


i8 closed and i8 of positive measure. 
Во, the result of Theorem І also remains valid if-the seb C extende beyond the 
unit sphere. 


Theorem 2. Let {an} be a sequence of real numbers such that Lita,=1,4,>1, 
and let С bea closed bounded set of positive measure. Then there ів a point £eC and @ 


subsequence {any} of {an} such that { алу} belong to С. 


Proof. There is a positive number 8, such that for any a; 1 < a; «1 +8,(р = 1 in 
Theorem 1) the set C,cC of points for which £sC and &/ч,еС is closed and.is of positive 
measure. We choose an a; from the sequence fan} and call it а. | 


Proceeding with C, we have a positive number ô, such.that for any а; ^ 
1<<1+8, 
there is a set C,C C; where C, is closed and is of positive measure. 
We choose gy from the sequence (ss]'and call it ap, and it is possible to choose 
an, < On 
Proceeding in this way we get a sequence of sets 
| быб бщ 
and a sequence of numbers 
Qn, Gg, (n, >> 1) | 
such that 020,20,2... 
аз, > ап, > Un, >... 


айа Lt oq, = 1 
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Since each C, is closed, bounded and of positive measure, во ПО, is non-empty. 


So, there exists at least one & belonging to all С» and for such a € 


This proves the theorem, 


Theorem 3. Let C be a closed bounded set of positive measure contained in the 
open unit sphere т E. Then 1t 18 possible to determine a positive nuil sequence fun} 
such that if {Eq} be any positive sequence satisfying. £y << pa(n = 1, 2,,..) then the sel oj 
points € of C such that 


{ Cand È eC where № = 1+4 £n; 
в - 


апа | п = 1,2,... 
is closed and is of positive measure, 
Proof, As shown in Kestelman’s paper we can define a sequence {Un} of open sets 


satisiy ing 


U,2U,2U,2.., C= ЁО, 


n=l 
and $ [U.- Cl<|Ch 
nel 


and sguch that all О» are contained in the unit sphere, 


If рь is the distance between C and the complement of О» then {un} is а positive 
null sequence, | - 


Now, suppose that the sequence {én} is such that 0 < £ < pn for every n. Then 
{én} 18 also a null sequence and fàn} 18 such that An = 1-642» 1, so Lt As = 1, - 


Let C, = ОА, 
Then C,cU, for every r. 

Let Х = О,С,О,.., 
If (eX, then ё&б,, Cy, C,,... ` " 
Éwo 


eC 


t 


1.6, F Eeo, 


em 


. 


The sequence (£/A,] converges to £ and since C is closed во £sC. 


Again each C, is closed, ғо, X is closed. "Bo X the set of points € satisfying the 


required ccndition, в 
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Зо, we are enly to show that the measure of X is positive. 


Now, X = 0,0,0,... 


= U,-(X(U,—U,) + (U,— On} 
{U,-3(U,—U,)} - X(U, — C4) 
= € — X(U4 — C4) 


| 


Now, [0.) = A"^[C||C] forall т 
[0,-С1<10,-6| forall n 
лу [Хх 5191-23 9,6, | 
[C|-3|U,-0|290. 


which proves the theorem. 


Note. The results of the above theorems remain also valid if we replace the condi- 
tion the set ‘C is of positive measure’ by ‘C is a set of positive interior measure’ since it is 
known that every set of positive interior measure contains a measurable subset of positive 
meagure. 


Theorem 4. If Е isa set which contains almost all points of an interval I, then Ё 
is universally permeable, | 


Proof. Let 2 be a subset of I of measure zero. "Then it is sufficient to prove that 
I—Zis universally permeable. - 


Let {Àn} be any sequence of real numbers, such that Lt А, = 1. We shall prove 
that the sequence permeates through the set 1 —Z, г.в. we shall prove that there is a xsl 
such that all but а finite number of points of the sequence (2/A4) belongs to I-Z., 


Let C, = 2 А, and X2I 5 0, 
rel 


Since |2] = 0, so [С,|=0 for every r and so |X|=0, 
Suppose now that 21-Х 


then 2 пов eZ for апу т. 
X. 
Since 2 5 1, æ is an interior point of I unless itis a boundary point, We conclude 
from this that #/A,8I — 2 for all sufficiently large values of т and this proves the theorem. 


In the above theorem we have in fact proved that given any sequence {А} of real 
numbers satisfying Lt Ал = 1 and a set В which contains almost all oints of an interval 
І,„Аћер #/A,6H for all large n and for almost all points æ of I. 
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Now, considering the fact that if Z is a set of the first category, then Я.А, where A, 
із a positive real number, is also а set of the first category, we may feplace the sel Z of 
the above thecrem by the statement that ‘Z ів a set of the first category’ and obtain the 
following theorem whose proof may be similarly given. 


Theorem 8. If E is a set which contains all points of an interval I except a set Z 
of the first category, then Е is universally permeable. 


In the following, we shall consider the problem of finding в set of measure zero for 
which the ratio set В fills a continuum. It is known that [cf. J. F. Randolph] the 
distance set for the Cantor middle third set based on the unit interval Яз the continuum 
0<2<1. The problem was first tackled by Steinhaus who used a geometrical method. 


In a later paper, W. R. Utz has proved а more general resuit 1.6. he has proved 
that Е о and m are two real numbers such that O<o<1 and $<|m|<8, then there 
exist numbers z and y of the Cantor middle third set on the unit interval [0,1], such 
that y —mz-c. 


We shall prove (he following: 


Theorem 6. The ratio set В of Cantor’s middle third set based om the unit 
interval [0, 1] fills а continuum, | 


Proof. Let С, and C, denote the Cantcr's middle third set based oa the unit 
mitrval on the X and Y axis respectively of a rectangular cartesian coordinate system, 
The cartesian product of the sets C, and C, then evidently is contained in the closed 
square (0, 0), (1,0), (1,1), (0, 1). Let ABCD denote the square and P denotes the 
product set. Then P consists of all points of the form (w, y) where 280;, yeC,. To prove 


C Ca) 





5 —9mP—9 
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the theorem we shall show that for suitable values of m, the straight lino у = ma passes 
through a point (z,, y,) of P = C, x О, and (z,, у,) (0, 0). 


For this, we divide AB into three equal segments by inserting lines parallel to the 
Y-axis, Similarly, we divide AD into thred equal segments vy drawing lines parallel 
to the X-axis. 


We omit the portions of the straight liner thus drawn which lie outside the square 
ABCD, The square ABCD then is divided into nine equal squares each of area the 
one-ninth of the original square. We delete the interior portion of the cross-shaped region 
thus formed and also the interior of the segments of the straight lines AB, BO CD, DA 
where the two interior strips of the square ABCD parallel to the X and Y-axis respectively 
intersect these lines. 


There remain only four equal closed squares, say S,, Sz, 8,, S, at tbe four corners. 


Now, if lajm<@, then the straight line у = mz intersects the square ABCD and 
also the square S, which we rename as A,B,0,D,. We apply the same process on 
A,B,C,D, and see that the straight line y = ma with the above range of m will intersect 
one of the smaller closed square, say 4,B,0,D,c A,B,0,D,. 


If the process is continued indefinitely, then we get а sequence of closed squares 
4,B,0,D,2 A,B,0,D,5... 2 A,B,O4D,2... 
and the straight line y = mz intersects each of them. 
Since the sequence form a monotone decreasing sequence of closed squ ires, the 


product is non-empty. Бо, there exists а point (2, Yı) belonging to the product s-t and 
the straight line y = ma passes through that point and since (a, y) 2A4,B,C,D,, 


(#1, yx) 2 (0, 0). 


Tt follows therefore that there exist points z and у of the Cantor middle third set 
based on the unit interval (0, 1) such that y/z = m, (y, x)e(0, 0), lzmz. 


This proves the theorem. 


In conclusion, I wish to express my sincere gratitude to Dr. Н. M. Sengupta for his 
kind help and valuable guidance in the preparation of the paper. 
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SOME NEW KERNELS FOR THE DERIVATION OF 
SELF-RECIPROCAL FUNCTIONS 


Bv 


Boaawan Das AGRAWAL, Benares. 
(Receited—November 11, 1957) 


1. Introduction. Adopting the usual notation, we shall say that a function f(z) 
is R,, if 1t 1s self-reciprocal for J, transform:, that is, if it satisfies, the integral equation 


Аа) f мгу) Аа) ау 186) (1.1) 
0 


For Ry and E.,, we shall write R, and E, respectively. 


A number of formulae for the derivation, froma known R, function, of another 
self-reciprocal function of a different urder v, say, has been given by several authors. | 


I will make use of the following result, given by Dr. Brij Mohan, (1982, 8 8) 
If f(z) is Ra, the function 


. eo 


g'z) = | Play): ft): dy 
"o 
is В), provided that 
ре) = 2. T О (1.2) 


where 0<о0<1,. 
апа xfs) = х(1— 8) (1.8) 
By the symmetry in u and A. ın the above theorem, it сап easily be deduced, that 


if f(z) is Ry, then g'z) is Ry. Here P(x) is called a kernel transforming E, into Ra, and 
vice-versa. ~> 


Tn the present paper, I have tried to investigate some new kernels by this rule, for 
the derivation of some R, functions. 


9. Theorem 1: Rule Г. The kernel же" в-а, s, (c) transforme R,_1 into R, 
provided thatv-4 < а < 0, where Ге, (x) denotes a Laguerre polynomial of order т. 


To prove this, I start with the integral given by Howell (1987): 


] 21-1 678 1.1 (2) 4х 
0 . 
provided that 1> 0, l>a, n+1l+a—l>0, and n is a+ve integer. 


. TP (п+1+а 1) 
Ти Г(1+а 1) 





88 B. D. AGRAW L 


Now, by Mellin's Inversion Formula (Haidy, 1918), we have 


` ptu-l spe c 
жт” * Ln (x) = L "Т f 2% $ х 
Г(фу +18) + by + gay L'(5-- 4n +40—-—4y- 48)Г(1 +4n +42—-4y—48) di 

Га +a- ү —89)1 (1+ а - dy — 48) 





Now, од pulting у = а-у+$, and n = a-2v «1 we get 


=ф-а+ к. А 
gotte Т, оа) = > f a Pi phet 38) DU rd +43)Х(8` ds, 
T 
c-|]-abi-im 


where _ 9g HIT(E а da — 3v t 48) Га tga - 3v 18) Г фа d + 38 4 4 - dv - 19) 
MT sil (n+ 1)I(—d4+ 4 + 48) ГЕ +2 – 45) ГЕ dv + 35)1' (2 hv — 38) 

= х(1-3), 
provided that v-4<a <0. 





This integral is of the form (1.2), with u = v, and А = v—1, ın which x(s) satisfied 
(1.8). ; 


Hence tho result. 


Rule П. The kernel mettet Fi(2v—1—a; a+1; =) transforms HR, , into H,, 


provided that v 4 < а < 0, where ,К|(®; 8; х) denotes the generalised hypergeometric 
function. 


Using the formula 


а, Г(1+&+т) 
Lia 
2) n'T(a+1) ga 





n;ati;z) (a) 
where nis a+ve integer, we get the result. 


Rule ПТ. The kernel z5*-*0-3YW p a asp, (т) transforms R,_, into R, provided 
that v-4<a<0, where Wy n(x) denotes tho generalised Whittuker function, 


We arrive at the result by virtue of the relation 


LR (ay = OD" g-in gis y 


я пън, 4 (2), (8) 


which is true for + ve integral values of n. 


Rule ТУ. The kernel zette * T s-?ct1(z) transforms Б, тю R, provided. that 
v-4<a<0, whera T^, (z) denotes a Sonine Polynomials of order n. 


We get the result by using the formula 


п LA (— 1) m 
Ts (=) "NDS ^ (x), (8) ; 


which is true for + ve integral values of n. 
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Theorem II, Rule V. The kernel z-"-lei*Wgas s iu, m(/) transforms R,_1 into 
R, provided that —4 «m <}, and „> ть. 
To prove thir, we start with the integral given by Sinha (1242, $ 1) 


oo 
f a 16-42 F(a, B; ү, 8; —xt)We, miz) da 
0 


_Г+т+)Г(-т+3` BT L+im+ 4d, l-m4 -) 
E Dl-k +1) Ny, 8 i-kal ; , 


where Rl+m14 >0, and |< 1. 
Taking а = 4, = 8 and ф=—1, we get the above integral in the form 


a 
/ gi oiv Wy, miz) dz 
0 


L2 *7?T(3 cm + ghd + m + 401 — 3m + 30D (2 am + QD —3k - 40T(4 - 3 — 41) 
nPD'(4 — к-т) Г-К п) 








} 


where R(lt+m+4) > 0 and k+1 is a negative integer. 
Hence, by Mellin’s Inversion Formula (8), - we get 


2r-k-3 1 


421 i Send ee ee 
тте к, mlz) л%%Г(&—К—т)Г(4—К+т) 9лї ^ 


"ri ee TRE + + $8) ГЕ + т з фу 8 I(t- gm tiy +в) х 


в-уү-1®© 
DQ = dom + +0Г(-4-4ү-ЮГ@—48-1ү- de, (A). 
where —$-c«m « bcc, and k+l is а negative integer. 
Now, putting y —v—m-—1 and k = 8m—2v+4 we gel 
ge-m-leke Wya 5 4, (m) 
1 е+т+1- +190 
= — 2a *T(— f+ 4+ de L'(3 {+ 43)Х (8) 48, 


21 
т c4 m-Tr1—v-:10 


where 


X(s] 4 2 1e Cod mr dt ГО 7m de ЛА 7m edv "pn ~ mt фу фа) 
С 881020 — 4m Iv — 2m) 


= X -9), 
provided that —4 «m < & and у> 8(т+4). 


This integral is of the form (1.2), with д=у-1 and А = v, in which X(s) satis- 
fies (1.3). 


Hence the result, 
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Using the formula 
Wile) = 27***z13Dg,. |((2ш)1), 


we get the following two rules: 


Rule VII. ‘The kernel 2*~16t*De_4,( 22)*) transforms R,.., into R,, provided that vd 


Rule VIII. The kernel z'-*61*D.;.,, ((2z)*) transforms R,-ı into R, provided 
that v>>}. | 


4. Theorem ПТ. Rule IX. The kernel z'*"-!e3*W.&,.5,,,, „(т) transforms 
R,-ı into E,, provided that у > 2—8m and —4« т<. To establish this rule, we put 
q— v*m-1, and k = $—2v—8m, in the integral equation (A) of Rule VI und we get 


grim “lett W,..s, 9m, m(T) 


Е a cetl-v- mU 2'z-T(— 3-2 3v 48) (14 iva dex (s)de 


o+l—y- m~o 


Х(в) = Г(— + av +48) ГЁ + т +4v— 48) m+ Е: 
i 9718-8 4m АВГ (Qm + 9v) L'(4m 4 2x? | 


у 


(1—8), 
provided that v>{—gm, and —{<т<{. 


This integral is of the form (1 2) with р = v—1 and A =v, in which X(s) satisfies 
(1.8). 


Hence the result. 
Note: On putting т = +}, we get Rule VII and Rule VIII respectively. 
B. Theorem ТУ. Rule X. The kernel a^ (1-6 ®) transforms Rs into Ry. 


To prove this, we start with the following integral given by Brij Moban (1942, 5 2.1) 





fæ Кат М,а)йт = Z ee HERI че ш 
0 


PA; an-tam+ip+d, п-т} | ”) 
an 3 та 
$, п+8 а 
where п+р>|т|[-1 and „А, (62) is Struve's function. 


Putting n =-$ and b = ia, we get 





dns Тат ТО рн + Г - Ap T — p) 
|: G BDG- jm ри 4) 


wherg р>] т |—{. 
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Hence, by Mellin’s Inversion Formula (Hardy, 1918), we have 
£7- t ginh 4z K,,/42) 











B Ust ПИЕ Am neg L(g фт + hy +49) D4 у 4801 -iy 48) да, 
т As Гуфтум фу) 


where с>|т|-$. 
On putting m = —4 and ү = 0, we get 
chio 
275 sinh (42)K..,(3a) = zi 9%: (1 43e) (3 32)X(s)de 
2r 


0=10 


Гв) P — $8) z 
Х(з) = STU +para- = (1—3), 


where 





provided that c0. 


This integral is of the form (1,9) with =ў and А={, in which X(s) satisfies (1 8). 
Hence the result. 


I wish to express my respectful thanks to Dr, Brij Mohan, for his generous help 
and suggestions in the preparation of this note, 
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ON THE DISTANCE SET OF THE CANTOR 
"MIDDLE THIRD" SET. 
By ` 
М. C. Вовк Masumpar, Calcutta. 





(Received—February, 18, 1968) 


Steinhaus (1920) first discussed the problem of distance sets. He shewed that for 
any linear set of positive interior measure, the distance set fills a continuum. The 
corresponding problem for sets in n-dimensional space was considered by Kestelman (1947) 
and he proved a number of elegant theorems about-distanve sets of sets in n-dimensional 
space and Steinhaus’s theorem (1920) comes out as a particular case of one of his results. 
Sets for which the distance set fills a continuum have been called S-seís. The question 
has been asked if a set of measure zero may be an 8-set, A simple example of such a set 
which is an S-set has been given by Kestelman (1947). He also gives another example 
of a set of zero measure which is not an S-set. 


Bteinhaus (1917) himself proved that the Cantor’s (1888) set C 18 an example of a 
get of measure zero which 1s an S-set. In fact he proved that for every distance 
40<4<1), there are pairs of points ‘x, y), а+0 and ysC, such that у— = 4, Cantor 
set C is therefore a special £y pe of S-sot where every distance between 0 and the diameter 
of the set viz., 1 is assumed. Such seta may be singled out from the class of S-sets and 
we prefer to call them SD-sets, The Cantor set C is therefore an SD.set. 


The Cantor's set C was considered by Randolph (1940) also and he proved that it 
was an SD-set by using a method which was purely arithmetical. This was followed by 
another article by Randolph (1911) where he considered the necessary and sufficient 
conditions under which a nondense perfect set, defined in a particular manner could be 
an SD-set. 


The question of the Cantor set C was subsequently taken up by Utz (1931) and he 
solved a somewhat more genet problem than that of Steinbaus (1917) and Randolph 


(1940, 241). 


. The following question may now be considered. Consider the Cantor’s set C. Iti 
known that 16 is an SD-sel, i.e., given any d(0-:d I), there exists a pair of points х 
aud y such that zeC and ysC and such that у—2 = d. We now propose to enquire about 
the power of the aggregate of such pairs (т, y) for any particular d. ГЬ should be noted 
that Randolph (1940) conjectured that the same distance d may be attained for more 
than one pair of points and in particular he constructed an PARS to-show that a 
distance was assumed for more Lhan one pair of points. Y 
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In the present article the author considers the problem of the power of the aggregate 
of peirs of point х and y, zsC, yeC such that у— = d, whero Ozd«;l and his main 
r-8ult is embodied in the two following theorems ' 


Theorem 1. Except possibly for an enumerable set of values of Ч (dsC), the 
aggregate of pairs of points x and у, zeC, yeC and such thal у-г = d, has the power 
of the continuum, 


Theorem II. For each oj an everywhere dense set of values ој d (decC, ie, d 
belonging lo the set, complementary to the Cantor set C), the aggregate of pairs (а, y), 
хб, ysC, auch thot y —z = d, has the power of the continuum, 


1. 


We first consider (he Theorem f. 


The proof of the theorem wil! be given jn a number of steps, (a), (В) and (c) which 
follow : 


Following a suggestion given to Randolph (1040) bv Hurwitz, the representation of 
a number in Od], in the scale of 8 15 brok n into а number oi blocks in the following 
fashion, The representation of any number will in general consist of the digits 0, 1 and2. 
New starting from left, we take the first block of O's and 2's aud cali 16 8,; 16 may, 
however, so happen, that this block is uosent, then d begins with 1. It may happen 
that 5, is not followed by any digit, then d = 78, Now, if 8, is followed by 1, two cases 
may arise; (1) 1 is not followed by any more digits, then d = 8,1, or (10) [в followed by 
a block of 0’в and 2’e, which we call 84 (which may however be ab-ent, im which case 
118 followed by another 1), and so оп. A whole block of 8 may however be unending. 


(а) We now take up a number d(0<d<1) such that d = 8,. If 8, consists of 
finite number of 0’s and 2's, then ıt represents the length of n segment whose right hand 
end point is the mght hand end point of a contiguous interval of C, if the left hand. end 
point of the segment coineides with the point 0. 


Denoting d = ',. we write т = (01, nnd y= 8, where (0), i$ obtamed froim 8, 
by retaming ita 0’s and replacing its 2'8 by O's. Thus zcC€ and ysC such that у—@=°8,. 


Now if we put an unending complex of 0’s and 2’s to the mght of (0),, we get an 
z':C and on putting the same complex to the right of ё, Gn у), wo get an y'sC, and such 
that y’-2’ = d agam. But as the aggregate of вис]! complexes cf 0’s and 2’s has the 
power of the continuum, the number of pairs of points z aud y such that 2«C ysC and 
y—x = d, has the power of the continuum, i 


(b Такева = `8,1, 


By the previous device ıt would coincide with the lefthand end point of а complemen- 
{агу interval of C. 
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Take æ = '(0),1 and y = "8,2, then 20, уе and y—z = d. Now if we suffix an 
infinite complex of 0'в and 2's to the right of z and y,- the operation throws one of them 
viz., x out of C. Hence this process does nol provide us with an inflnity of pairs of 
(x, y) such that 20, ysC and y —z = (= '8,1). 


` Now we can give a lower bound of the number of such pairs of (=, y), 20, y«C and 
y-2 = й, as follows: Lot the number of 0’s in 8, be denoted by the symbol *8,. Let 
us now choose an zeC(z-rd nob greater than 1), in such а manner that atd(= y)sC. 
Number of such choices of æ is ab least-=8.2", [Proof: Let d = '8,1 = 'e,c,...0s .,1, 
where сь=б or 2, When cy is 2, choose in its place, in. making an 2(#0), O and when с, =0, 
choose in its place, in the construction of æ either 0 or 2; in place of с„(= 1) choose 
(in making an æ) О or 1 or 2. Therefore, it follows, that the number of pairs of points (z, y), 
2:0, ysC and y —e—d —'8,1is atleast 8 2%, (e.g., when d= $,— '000.. .01, the number оѓ 
pairs of points=8.2""'; when d=%+4,=°201, the number of pairs of points—8,2! = 61]. 


But the aggregate of d of this type (d = 8,1) зв enumerable. 


(с) Ifd is a number such that а segment of length d with ап end point æ = 0 
coincides with an external point of C, then d = ‘8,, where 6, 18 a single unending block 
of O's and 2's, such that each of 0 and 2-occurs infinitely often in 8,. 


Let d = '5, = "9800820002008 ies ‚ вау. 


To get ш, we may put 0 below each 2 (in d) and al random put either a 0 or 2 below 
each 0. Adding such an z with d we get а y, such that in the representation of у there 
ig а 2 corresponding to each 2 of d and either 0 or a 2 inplnce of a 0 in d. As such, as, 
ytC and y —z =d. Бо, we have, that the арргераіе of pairs (z, y), such that aC, yeC 
and y—a = d of the above type, has the power of the continuum. 


This compleles the proof of the statement made in Theorem I. 
п. 


We now propose to prove Theorem II, given in a number of steps (A), (В) and (О) 
which follow : à 


Let decC (i.e., we take a d belonging to the set РЕТ ея: {о С). The represcn- 
tation of such a d will contain nt least ono 1, provided that, if it contains a single 1, then it 
cannot be the last significant digit in the representation. Во, if d ends with a 1, then it 
must contain at least one more 1; e.g., d = 'I1; d = 010202, 


(4) Letd contain an even number of 1’s. "Then d ів of the form, d = ‘8.15.1 
8,15,1...9,4-,18,410,4,,, Where one or more of 6’s may be void. Three cases may appear 
under thus head : 


-.() «8,544 ів void; then d ends with а 1. 
P 1. (tt) бу, is finite; then d ends with a 2. 


(Hi) дин: is an infinite complex of 0’s and 2's. — 
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(1) Let 344,4, be void. 
Writing d = `8,18,1 8,18,1 8,18,1...8an-,1 9541, we may write 
д = '(0),05,2 (0),05,2 (0),08’,2...(O}an—108’an2, where (0), has been obtained 


from дь by retaining all 11s zeros and at the same time its 2's have been replaced by O's, and 
8^5 has been obtained from & by replacirg in 16 each О by а 2 and each 2 by a 0. 


Then у= 2+4 = °8,2(0),0 8,2(0),0 8,2(0),0...... ban -12(0)4,0 

Bo the pair (2, y) is such that zsC. yeC and y - = d. Now we may put any complex 
of infinity of О'в and 2’s to the right of above æ and у and get z' and у’, such that 2/0, 
y'sC and y'—a'(zy—a) = d. As (be aggregale of infinite complexes of 0’s and 92's has 


the power of the continuum, we conclude that the aggregate of (x, y) such that xeC, yeC 
у— = d, where d is of the above form has the power of the continuum. 


(п) Let 8,44, be non-empty and finite. 

Let d = °8,18,1 818,1 2,18,1...9,4.,18,,]1 8,,,,, and we writo 
z = (0,082. (0),08,2...(O)an-r08'en2 (O)antr: 

Then  y=æ+d = °8,2(0),0 32(0,2...8,,,2 (0),,0 Samay. 


We have thus a pair (=, y), such that 20, yeC and y—z = d, As the previous remark 
made at the end of the case (i) applies here also, we conclude that the aggregate of pairs 
(æ, y) such that 20, yeC and у— = d, where d is of the form mentioned in (ii) has Ње 
power of the continuum. 


(iit) Let дин, be an infinite -omplex of 0’s and 2's. 
Let d = 8 1al NS beds ds 
We take ж = *(0),087,2 (0),06,2 (0),08,2.. '0),„ 108,92 Зе. 


where n+: is obtained from ё, , by changing every 2 in it, into a 0 and by either 
keeping a О in ib as 16 ів or changing it mto 2 at will. It follows that the aggregate of 
complexes (2,,,,] has tho power of the continuum, Fixing one 9*,4,, we write, 


у = +d = 8,2(0,0 8,2(0),0...5,4..,2(0),,0 San, 


where 8", , (23854, , + Oane) is obtained from the сорох бт, by keeping every 2 in it 
as it ів and chanzing a 0 in it either into 2 or keeping it unchanged; во both the complexes 
Mansi, Oana, are made of 0’s and 2's only. For each choice of 571+, we thus get a pair 
(ш, у) such that zeC, yeC and y—z = 4. As the aggregate of complexes 15,1! bag the 
powcr of the continuum, the aggregate of auch pairs of «e, y) has also the power of the 
continuum, 


(B) Let d contain an odd number of 1's. . Then d is of the form, d = '8,18,1 
8,18,1 9,18,1...8,4 518,4 .,U Syn ,1 Sgn, where one or more of 8’g may be void. We shall 
discuss three cases nccording as, 
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(i) & is void, 
(1) 8,, is non-empty and finite, 
and (110) 8,,is an infinite complex of 0’s and 2’s. 
(^ Let 3,, be void and let 
а = 8,1841. 8,18,1 8,18,1...92,,1. 04, 41. & ul; 
we may take а = `(0)08,2 (0),08',2.(0),05,2...(0),, .,0 344,9 (0),,..,0, 
and then y — md —c0,2(0,0 8,2(0),0  8,2(0),0...834, ,9(0),, 0 8-11. 
The process of putting an infinite complex of 0'а and 2's at the ends of 2 and y will 


throw y out of C. Во the above proccess gives only one pair of (x, y) such that 280, уеб 
and y —z-d. 


We may however, chinge any 0 if it exists зо а 8,4-, into either 0 or 2 whilo chang- 
ing a 2 m ё,-, into а 0 and changing any 2 И 1б exists in 8,4 into either О or 2 while 
chagning 0 in it (i.e. 834) 1f 16 exists, into а 2 without throwing any of z and y out of C, while 
keeping y- = d. And the number of ways in which this may be done is 2355-52. 
where "6,,., = the number of 0’s in 8,4, and 76,, = the number of 2’s in 8, So there 
is ab least 2205-752 pairs of (x, y), where 280, yeC and such that y —2 = d, 


We may also write 


А ПВ Да ТВ Вр 


ql 


2 = *(0),087,2 (0)408',2... (0) 2n—308’9n-22 (0)24 11, 


and therefore, y — zd = 8,2(0,0 8,2(0),0 8,2(0) «0... бат -22(0) an -20ban~12. 


The process of putting a complex of 0’s and 2's at the ends of г and y throws one 
of them (namely т) out of C. And as the process of changing O's in 8,,., into 2’s and 
О'в and changing its 2's into 0's and changing 0'а in д into 2’s and changing its 2's either 
into 0’s or 2", apply here also as above, keeping æ and y in О and making y-x = d, we 
conclude that the above process gives again at least 235.--52 new pairs of (2, y), such 
that eC and уёС and у— = d. Again, if we take, 


d = 8,151 BO tea Banal ood: 
and в = '(0),08,2  (0),08',2......(0)4, ,08,,.,2(0),,,2, then we observe 


that if, бш, be void, 1 appears in y at the place corresponding to 1 preceding the last 1 in 
d. If9,4., consists of only 2’s even then 1 appears in y ш the same place, If however 
8en-, contains only O's, in the representation of y, 1 appears in the place of О m 8 y_, 
which is closest to the last 1 in d and then 1 doesnot occur in any other place in the 
representation of y besides this 1. If 5,4 , contains 0'в and 2’s both, then the correspond- 
ing y(= 2+4) will have 1 „t the place of 0 in 54, ., closest to the last 1 in d, followed by 
all O's. In.any of the above cases, representation of y, will therefore end with a 1. 
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Following tho same argument as is given in the above two cases, we can determine at 
least 235-59. new pairs of (x, y) other than the two previous sets, where 260, ysC and 


у — а = d. Therford the total number of pairs of (=, y) under this head. is at least 
8.928. Ha), ^s 


(ii) Let 8 be non-empty and finite. 
Let аЗ дида ban 


As in the above cases іп each 9j ,(k = 1, 2,..., 1) we replace 0’s by (0% or 2's) and 
2'в by O's, and also in each 8,;(k = 1, 2. 8..., n — 1) we replace 0’s by 2's and 2's by (0's 
ог 2'в). We get some a's (each &С and each giving rise to a corresponding ysC, such that 


uc Я И 5 Son it 3 18, 
y—x = d), the number of which = n, = 9*71 71  , provided we retain 1 in the. 


last incomplete group 344.; 1 8,4 and replace 8,„ by (0),,. Now in each such =, we replace 
1 by 0 in the last incomplete group and revive 8,, [i.e replace (0),4 by 8,,], wherein we 
replace 2's by (0°в or 2's) and O's by 2’s,—but it should be noted that the last Z i in бм 
must be retained (and must not be replaced by 0) In this way, we hava so far determin- 
ed £'s (each eC and each giving rise to a corresponding yeC such that y-z = d; the 
number of which = n,- n, 2 .-! = n, nn, whore n, = 2% -1 i 


Now consider any опе 2 belonging to the set n, in each of which ê, is revived. In 
each such z replace 1 preceding 8,, by 0. And then, in 8ш, replace the first 2 by 1 
which should be followed by all zeros and all zeros preceding this 1 should each be replacede 
by 2. We get seme new z's satisfying the condition of the problem. Replace the second 
2 in à, by 1 followed by all zeros, whereas each zero preceding this | in ô,» should be 
replaced by 2 and each 2 by 2 or 0. Wo again get some new х’в. We continue like this 
until we reach the last 2 im б, (70. *8,, th 2), which we replace by 1, where as each zero 
preceding this | in 8,4 is replaced by 2 and cach 2 by 20r 0. We gel some new z's. 


Hence the number of new z's produced by one oid z, belonging to the set 
ny = 1424 274 2. 4 2'5.-1 
= in —] = 2n,-1. 


Hence in all the total number of z's (each C and.each giving rise to yeC and 
у—® = d)-under this head = N = ny +n tn, (28,1) 


n 
3 8. us (Sah 1 + 28.6) кър 1 n 
= bn Nn, = ES 


We have thus, at least N pairs of points æ and y, «eC, yeC such that y-z=d, where’ 
d is of the type mentioned in (ii). . т s 


_ Ulustration : Letd = '20 1 02022=8,18, Sens PA E QU 
.N2 82H12 94. . 2 "a VERAS "A 
£o ыар 110900097. 7 07 £t cu peg: | 
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“ 2 = '00 1 00000 "^. y= '20 2 02022 
'02 1 00000 | ny, = 2 
'00 0 202027: | "noy mc20 2 00001 
'00 0 20222. 
`00 0 22202 
'00 0 22222. 
пуп, = 2х4 = 8 
02 0 202027; | 
'02 0 20222, | 
02 0 22202 | | 
02 0 229991 |] 


Consider now the first of n,, viz., '00 1 00000. 
We revive 8,,, and thus we get '00 1 02022. 


Following the mstructions, given above, we geb some new z's, given hy, 


z 0 0 21000 y = ‘20 2 00022 
T "00 0 22210 
00 0 20210 
'00 0 22221 и. М = 24+842x7 = 24, 
"00 0 222 
"00 0 20221 
'00 0 20201 


во on, there being 2! = nj) such groups each of 2%.-1 = 2* —1 = 7д'н. 
(il) Suet 8,4 be an infinite complex of 0'з and 2's and 
Jet Bon == 2202022 202200820022. „а inf, зву. 
Consider d = `8,18,1 8,18,1...944 4194, 41. S, E боя 
and (ЕС) = '(0),05,2. (003,2 ..(0),, O 85, 1,2. (0),,.,0 8% an, 


where 3*4 is obtained from 8,„ by replacing its O's by 2's and changing any number of 
its 2’a by 2'8 or O's at will Keeping a 8,4 fixed, we have 


y = т+0 = °8,2(0),0 852(0),0...3an-32 (0), 0 8:9 8", 


where 8 ani = 844 +8 an) 15 obtained from 8, by kecping Ив every 0 and replacing any 
number of its 2's either by а О or by a 2 at will, Now the aet {87,,} has the power of the 
continuum. Therefore the aggregate of the pairs of points (x, у), zeC and уеб such that 
у—т = d (of the above form) bas the power of the continuum. 


(C) Let d сома an infinity of 1's. 


Then d is of the form, d = `A 18,1 571 8,18,1 


e dua , containing the groups 
(8181) in unending success n, 


We have, d = '8,18.1 8,18,1 8,18,1...... 
€ '(0),087,2 (0),087,2 (0),08,2 ..... 
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and therefore y = zd = '8,2(0),0- 5,2(0),0 §,2(0),0...... 
We thus have a patr (2, у`, such that asC, ysC and y—a = d. 


(à Tf an infinity of 8,,.,'8 contain O's or an infinity of 8,,'s contain 2’s (or if 
both), we can in 8,4., keep 2's unchanged and ch nge < into 2 or keep it unaltered at will 
(or we сап in 8,, keep О unchanged and change 2 into O or keep it unaltered at will), 
without making а or у(= 2+0) go out of C and thus y—a = d; as we can perform-the 
ubove operation in a number of ways having the power of the continuum, we have the 
following theorem : 


If a d is given by, d = °8,18,1 8,19,1...5,.-,18,51 .., where an infinity of 8,,-,’s have 
the digit O or an inflnity of 3,,'s have the digit 2, then the aggregate of pairs (æ, y), such 
that #C, ysC and у-х = d, has the power of the continuum. 


N B. As the set of d's for which an infinity of 8,,_,’3 contain at least one O (in each 
блп.) and (or) an infinity of 8,4 contain at least one 2 (in each 8.x), is dense in ugral, 
the above result [even if we disregard other d's scC] shows the truth of Theorem 1I. 


(ü) Suppose now, that, d = :8,18,1 5,18,1...... ‚ із such that ab best a finite 
number of 8,,., have 0’з, and at best a fint» number oi ôn 8 have 2's, the above 
process gives precisely 22(%-:+%,,) number of pairs of (2 y), eC, ysC and y - 2 = й. We 
may say that we can find at least 235-52) number of pairs of (z, у) of the above 
description. . 


(iit) It no 3,4, , contains а 0 and no &,, contains a2, then the above proce-s givo- 
2*** = 1 pair of (2, y) such that zsC, yeC and у-т= d, We believe that this is the 
exacl nnmber of pairs of (=, y) fulfilling the above conditions. 


We take the particular case, where d = '1111...... ad inf. This is'a case covered 
by the above description (iii) of d and the above"process gives only one pair of (т, y), z«C, 
ysC and y—z = d, 


viz., d = '111111...... ad inf., (— 4), 
a= '020202...... ad inf., (= 1), 
aud Jg = + @ = 7202090..... ad iof., (= 1). 


We propose to show that in this particular case there 18 one and only one рат of 
(æ, y) аз caloulated above, such that zsC, ysC and y -s = d. 


BE 


Let us consider the straight line L(y = x4). It cuts the umt square S(OACB) 
[(0, 0); (1, 0); (1,1); (0, 1)] at P, and Q, where P,Q, = 1/2* and P,, ©, are the points 
of bisection of the left hand and upper sides of the square S. We shall denote the 
Cantor's vet оп OA by C, and that оп ОВ by C, and their product set by H(=C,x Су). 
There is л, point of the set E contained m the unib square S, outsile P,Q, which 
arg common te L (y = x+4) and the unit square S, 
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At the firat stage (of suppression of intervals on the x and y axes) of formation of E 
by constructing О. and C, on the x and y axes respectively, we are left with 4 squares 
in the original unit square 8; the line L cuts the NW corner square 8,(0,4,0,B) at 
P. Q, which are the points of bisection of the bottom and the right hand sides of this 
square S,. Coordinates of P, ar (4, 8$) and those of Q, are (4, 5). ". P,Q, = 1/8(2)* 





` A 
Obviously, there is no point of E outside P,Q, which are common to L and the 
original unit square 5. 


At the second stage of formation of the set E(— Cs x Cy) we are left with 4 squares 
(in the single square 6;) and the line L cuts the SE corner square 8,(0,4,0,В,) at P, 
and Q,, which are the points of bisection of the lefthand and upper sides of the square 
S,. Coordinates of P, are (8, 18) and those of Q, are (s, 5) and therefore P,Q, = 1/8724, 


Obviously, there is no point of E outside P,Q, which are common to L and the 
original unit square S. This process is continued indefinitely and thus we havea 
succession of closed segments P,Q, 2 P,Q,2 P,Q,—P,Q,..., of respective lengths 1/21, 
1/82*, 1/3*2*, 1/8?2*,... and therefore Li Р„@„ = СЕ 1/8"- 124 = 0, Therefore, there 
is опе and only one point P common to ali чайнай Р, УЖ P.Q,, Р„©,,..., Ръ0 men But 

9—9011P— 3. 
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we have argued that there is no point of Г. (1 S (=the set of points common to Г, and 5) 
outside P,Q,, outede P4Q,,..., outside Р„@„, .. ‘Therefore it follows that there 18 no point 
of E in LAS excepting P(if 16 is at alla point of Æ). But by Utz's (195i) process we 
have seen that there is at least one point of E on LNS whenever L (| S зз non-empty (1.6 
whenever L cuts S) and $ < m| 3; aud for L,e for у = mztce(zy = 2+4), т=1. 
Hence it follows that this point must be P. Hence, on the line L (whose equation is 
y = 2+1), there is one and only one point P(x, y)e E. Therefore it follows that zeC4, and 
у.б, and у—@ = $z'111111...ad inf, 


2. there is one and only one prir of points (г, y), such that zsC, ysC and y —z = 1 .. 
ad inf., which completes the d21nonstration of the conclusion made above. 

lam grateful to Dr. Н. М. Sen Gupta for his kind help and guidance m tha 
preparation of this paper. 
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А MATRIX METHOD OF REDUCTION OF THE 
GENERAL LORENTZ TRANSFORMATION* 


у Ву 
М. М. ановн, Santiniketan - 


(Recewed—May 19, 1958) 


` 


The object of this pnper is to present a new method of reduction of the general 
Lorentz transformation in 4-space into a pair of componen! plane rctations. Starting with 
the Minkowski's representatión of the general Lorentz transformation in which a complex ` 
orthogonal matrix of rank 4 is involved, it is shewn how by a matrix method this вап 
generally be resolved into a pair of commutative orthogonal factor-matrices. A resolution 
by means of a pair of non-commutative factor-matrices with complex elements involving 
the coefficients of a unimodular spin transformation in complex space is also noted in this 
connection. | 


Р 1. Let the general linear transformation of co-ordinates in Euclidean 4-space be 
defined by the set of equations 


_ . &" = als, (i = 1, 2, 8, 4) (1.1) 
Mies | | a’, | +0. 
pr We define (1.1) to be а general Lorentz transformation, if 
(a*)* + (a, + (а)? (a)? = 1, а =1,2,3 
(at)? + (a*,)* + (a*,)* — (a*,)* = — 1, (1.2) 
ae af, + a*,aP, аха, аав, = 0, «dg. 


Introducing the matrix (following Minkowski) 


А = 
a^, „а? a idt, 
(1.8) 
a^, a3, a, ia, 
- iat, — ia*,— ia*, а - 
and denoting its transposed by А, the conditions (1.2; lead to the relation 
АА = ДА = E. | (1.4) 


во that A satisfies the orthogonality conditions. Further, the transformation (1.1) is 
represented in the matrix equation 


“An abstract of this paper was read at the forty-fifth session of the Indian Science Congress, 
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X’ = АХ 


with X = AX’, _ (4.8) 
where X represents the column-veotor (zt, z*, z*, —iz*) and X’ the sresponding irans- 
formed vector. 


9. Let Q denote the matrix of rank 4 


= 0 шуа Фуз Wie 
о 0 wg twee 
| (og = — oj) _ (2.1) 
031 W32 0 Tw. 
= - tug, ба wa 0 = 


then Я =-0, and the matrix exp О salisfles the condition of orthogonality (1.4). 
Replacing Aby exp Q we shall study Lorentz transformation (1.5) expressed in the form 


2 
X = expQ X = X«nXez X4 е (9.5 


Let us write the characteristic equation satisfied by О in the form 


OF — p*,Q?* — p*,Q = 0, (2.8) 
where puc—wou- wis — ots, + o^ ш + ш? (2.4) 
т*, = (озго — t1st24 + 010023). (2.5 


On reducing the exponents of О in (2.2) below 5 by means of the relation (2.8) we 
can express (2.2) in the form 


X = X+ (р, 93)0X + [у (ра, PO? X + ўз (р, Pa PX + (р, р) 0*Х, - (2.6) 
where the four functions f are to be determined. 


Consider now the algebraic equation 


g- p'a- ptt = 0 (2.7) 
corresponding to the characteristic equation (2 8). Let 81, and В, be so determined that 
85,—8/, =p, and 5,8, = р“, (2.8) 

then the rcots of (2.7) may be denoted by 0, +8,, +18, and (2.3, is expressible as 
Q(Q? — B?,)(Q" +67.) = 0, (2.5) 


Now the relation 4 
e? = 1+ A АФ. ра)ғ! 
holds good only when æ satisfies the equation (2,7). We therefore, get the following 
identities : 
е+В, = 1 + gf. T В}, + (Bafi + 85,5), 
eth. = 1-7 gf ВЈ EIB P. dE 
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From the above we get. 

cosh Ba = 1+ 8.f, tB afar siuh В, = 3,1, +B afa 

сов B, == 1—8°*,/,+$*/,, sin Ва = Bali В. (2.11) 
Solving the set of equations (2.11) we obtain 


f _ 8°, sinh B, + £^, sin By ^ _ B*5(1— eos В) +8*,(cosh В, — 1) 








ым» тё E ° 
— B,sinh B, —8, sin B, (cosh Ba L1 — B^, оов, | 
= $ ш a uu e ey a к cos В.) (2.13) 


8. From (2.6) we see that matrix А = exp О is equivalent to 
| А = E+f,Q+f,Q? + fo? + {,0*. (3.1) 


\ Utilizing the explicit expressions (2.12) for the f's we get 


Ass Ba SE Bap + = D+ eS har, + E Pon, (8.2) 
Е 2 4 
where 175 = 87,0 +0° TI | = £5,0- o? (8 8) 


Ba +В“, í ^ greg у 
Obviousty, we have Г,+Г. = О and, in view of (2.8), Г.Г. =0; consequently 
ar, = T^, OI, = Г. 
Thus (8.2) may be written in the product form 
A =(B+ sinh Ban + ae | rs ae sin B, Гү+ (1— cos @,) I ©) (8.4) 
Ва B. В“, 

where the order of the factors is immaterial. It may be noted that Г, and Г, are of 
ty pe (2.1) and of rank 2 satisfying the characteristic equations 
; „= 8^1, I", --gur, (8:5) 
respectively. | 


Observing now that the Lwo factors in (8.4) involving Г, and Г, are respectively the 
reduced forms of eT» and e obtained by repeated applicaticns of (8.5) it follows that the 
general Lorentz transformation is equivalent to two plane rotations performed successively, 


A. We proceed now to indicate how О, with Г, and Г,, ean be obtained when the 
matrix A is given. 


From (3.2) we have (А, not symmetric) 





А-А . sink Bop те sin B4 г 
ee ———— de 


= 2 4.1 
2 Ba А Bi ds) 
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Denoting (4— 4)/2 by Ф, which is of type (2.1), it may be seen that Ф satishes 
the charaeleristic equation 
Ф" + d? (sin? 8, — sinh? 8,) — Ф sin? 8, sinh’ В, = 0, (4.2) 
that is; Ф(Ф° — sinh? 8,)(Ф? + sin? В.) = 0. | 
Referring to (2.9) we notice that the characteristic roots of Q and Ф are related. 
Corresponding io the real roots +, of О, we have +sinh В, of Ф and corresponding to 
the pair +18, of О we have the pair of imaginary roots tisin®, of Ф. The matrix Q 
çan, however, be expressed by means of the determinantal equation | 
2 ^ Ba Ba =0. - (4.8) 
Ф sinh, -sing,- 3 - \ 
! ® sinh? B. —sin? B, | 


To obtain Г, and Г, in terms of Ф we first express Q* by means of the deternlinantal 
equation ` х | 
р $4 в E (4.4) 


Ф sinhp, вю. 
d? sinh? В, —sin'£, 


Making use of the relations (8.8) we then readily obtain 


Ty. 8s 0 =0 ава | T, 0 8, = 0, (4*5) 
Ф sinhf, вав, Ф віпЬ В, вір В, | 
Ф? ginh!8, —&n?f, Q* sinh?8, —sin? B, 


which express Г, and I’, in terms of Ф. 


B. The above treatment is much simplified in the case of special Lorentz trans- 
formation. We observe from (2.8) that if pt, = 0, О is of rank 2, satisfying the 
characteristic equation 

О%—р?,О = 0. (př, positive) (5.1) 


The matrix А = exp Q now corresponda to Ње special Lorentz transformation. On 
reducing the exponents cf Q in exp Q below 8 by means of (5.1) we get 


A= ga Sinh Pig, cosh p,—1 gs (5.2) 
Di p; 


which represents a plane rotation with imaginary angle ip,, From (5.2) we have 





А-А _ p 8ш} Pig (5.8) 
2 р, 


Further, 16 is found that satisfies the characteristic equation 
| Ф" - sinh? p, Ф = 0. (5.4) 
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Thus when A is given the terms in (5,2) are all determined by means of the auxilary 
matrix Ф, 


In ease p*, be negative, say —8*,, the reduced form of'exp Q will Le 


A - pa SR 8. Q4 1-008 Begs (5.5) 
By B 4 
Q satisfying the characteristic equation , 
Q'48.0-20, — _ 5.6, 


6.. We make now the following observations regarding the reduction of A when it i 
orthogonal! and symmetric. Since А = A it follows from (8.1) that 


f,Q+f,Q° = 0, (6.1) 


во that Q is of rank 2. 10 1s further noted that the characteristic equation satisfied by Q 
will be either 


‘ 


íi) Q'—87,0 = 0, or (ti) Q'e8*a-0, 


In the first case the reduced form of A will be 


AGO sinh M cosh 8. —1 о? 18.3) 

8. В“. ГУ 2 i 

with ка = 0 and cosh ĝa = —1.. (6.8) 
E 2 К 


In the second саве the reduced form of А will be 


А = Въ 8284 gy E бо: 6.1): 
4 4 
with iu = 0 and cos 8, =—1. (6.5) 
| 


If В, = я, the conditions (6.5) аге satisfied and (6.4) reduces to 
2 G2 
т 
In the first case no real B, satisfies (6.8). 
Ап interesting algebraic method of decomposition is given by Bose (1989). 


T. Next we pass on to the resolution of A in (1:8) into а pair of non-commultative 
faclor-matrices. Modifying Whittaker's formula (1987) we сап write 


А = М.М*, * 
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where = 1 ё a в - - g* —ig*  a* ix* 
1 2 ; : ; 1 : 
М = —- —1 —i6 13 l T N* = = а* ix* —g* 1 1j 
73 Y x 1 73 p* a | ims 
a В -y = $* —106*% үк iy* 
--а@ -iB Siy nde А - уж d* —8* 18% - 


а, 8, ү, 8 being complex parameters satisfying the relation 
ad —By = 1. (7.2) 


In the above the asterisk denotes the complex conjugate. 


Consider now the spin coordinate transformation in в two-dimensional complex 
space defined by 
га = fila, at), 
2° = P zt, . (7.3) 
where 2 =g, tiz, £? = æ tiz, иг ` being real. 


Further, let us impose the condition that the Jacobian 


ef, f) = T р 
Oz", 2?) a 





which corresponds to a unimodular spin transformation. Then а, B, y, din (7.1) may be 
е 
identified with the 4 coefficients of transformation in (7.8), namely ; 


Әх" , Oz:  Á— _ Өл? $ Әә" 
лаза E (7.5) 

The 8 basic matrices involved in (7.1) have many interesting properties. These 
may he used in constructing the set of 16 Eddington matrices of order four. 


DEPARTMENT OF MATHEMATICB 
VISVA-BHARATI UNIVERSITY 
BIRBHUM 


References 


Bose, 8. N., (1939), Bull, Cal. Math. Soc , 81, 139. 
Whittaker, Е. T., (1987), Prec. Roy. Soc , 188A, 33. 


EXACT SOLUTION OF THE BURIED LINE SOURCE 
PROBLEM FOR A UNIFORMLY MOVING 
LINE SOURCE 


Bv 
M. Mitra, Calcutta 


(Reoeived—June 18, 1958) 


Introduction. Nakano (1925), Lapwood (1949), and Garvin (1956) have considere? 
the motion produced in a semi-infinite, elastic, homogeneous, isotropic medium by the 
sudden creation at a certain depth below the ffee surface of a dilatational line source. In 
this paper the problem is considered with the change that the source begins to move, 
immediately after creation, parallel to the surface with constant velocity, The wave 
function representing the source is obtained from the corresponding differential equation 
and the method of Cagnard (1939) is used to obtain the surface displacement fn exact 
terms. The motions of similar moving sources in an infinite medium have been 
considered by Sneddon (1956) and others. 


Problem. The line source of constant strength a is assumed to be created suddenly 
atti=0 аб (0, А) in a semi-infinite, homogeneous isotropic elastic medium lying in the 
region у2>0, and to move immedietely with constant velocity V(< a) parallel to the 
z-axis. 


О. x 


Cot) 


3 


The wave function 9, determined by the source is assumed to satisfy the differential 
equation. . à °C = ep: 


T AN 
М-р = 0, tU . uM zi 


8—9с11р-- 8. 
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where а is the compressional wave velocity in the medium and 8 denotes Dirac's delta 


function. The term on the right hand side of (1) for #20 indicates the presence of the 
source , ` 


The displacement components at the free surface in the presence of the source will 
be obtained under the following conditions: (1) the stress components vanish at y = 0, 
(2) the displacement is bounded at infinity, 
Ц, у, р) (р heing positive), 
the Laplace transform of f(z, y, #), is given by the relation 
fle, y, p) = f «ite. y, t)dt 


0 
Transformed quantites being denoted by superimposed bars, (1) transforms to 


V9, – E = 0, =<0 ` | 
(2) 
= —ga[Vó(y —h)e-vzlV, ©;>0 | 
since the medium is initially at rest. 
ТЧ. © 
Using Se p) = | etat, т, р) 
0 
the following equation is obtained from (2): ° 
a 
Ба (reno еа | 
(8) 


= —а/@ЁЎв-тЧУ-#, д) 


The solution of (8) which is bounded for all values of z contains two arbitrary 
constants. Since А is в bounded function of æ both А and 0A/0x are continuous atx = 0. 
These conditions determine the two cosntants, 


Ф is then given by the equations 


z вони р/у 
Po pj РУТ рата si nés т< es 


gin(y-h) 


Tm Lue p/V Е 
"gy I: p*[Vt р фт [г п ras. #>0 
a T -ig(y - h) + т А 4 
= (S/o. . 3. A37 түу. ^ - p 
arf is (++ (ГР) déd«, where т’, (E +a) 
e-itz-[y-h| s, 
“a JE "(p +7 +17) a. 


on interchanging the integrations and integrating with respect to y. 
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Hence g,(z, y, t) = zJ лш Е ! pcos fe £V sin fg m+ sin £x 
2. (реал) prey 
where np = (р? [9° + £)* 


Using the notation f(a, y, р) С/(2, y, t) we have 


e- (»g- Il) pergis { 0, 0ct«jy-h[/« (Erdelyi) 
(р? + a? £?)* J (E(a2t? — (y — h)3)8), [у— lja < t. 
wie > 
+@©= сов Ўёї 
= cal 
pi карт віп V£t, 


Hence by the product theorem for Laplace transforms 
g(t, y,t)=0, " Ot«jy-hlla 


=. af J (Ela — (y —h)?)#) сов £(Vt —a— VA)dA,| y — h [а <. 
о  ly-hUs 


The integrations with respect to { and А may be shown to be interchangeable. 
Now 1 = f nganu- вов Ё(И#— 2 —– VA)dA, 
0 
= 0, or 1/(F(A))* 
according as F(A) = о2А? — (у —h)* — (Vt —&— УА)? 18 positive or negative. 


F(A) is always —vefor |y—h]/a < А <t if t << (= + (y—h))t/[« and it :-ve for 
А, <А < t where A, is a quantity lying between | y—h [/« and tif >> (&* + (y —h)t/o. 


2 
Therefore 9,(%, y, t) = 0, o<ct< (2? +(y—h)*)* 
a 


2^ (FQ E D 
The latter integral is easily obtained as 
__1__ eosh [oM o YO ET ] 
(a? — V*)t fo (Vt — 2)? + (02 — V*)(y В 
This expression was obtained by Walters (1951) in a different form. 
(2° + (y — h)*)* 


If' V = 0, plz, y, t) = 0, epe Ss 
[7А 
а А at (£? +(y—h)*)* 
= cosb”! ————___ DLE SNC LN i 
z 008 (тир m < 
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This function is identical with that used by Garvin. 


The z-and y-components of the displacement in the medium are given by 


9e | OY 
ие 
Өл ду 
о = 29.87 
ду Oe : = 
where Ф = Oth, p=, 


9, and y, satisfying ths wave equations (8 = shear wave velocity in the medium), 
1 
Vs, T 5 ОФ, 
21 9% 
V, (g . áp 
The streas components zy, yy are given by 


a Qu 2) 
zy (mm 


tt 


y = demnm eet] 


J 


where р, о are Ње coefficionts of rigidity and density respectively of the medium. 


The solutions of the Laplace transforms of the above equations for 9,, Y, consistent 
with (1), (2), are assumed to be 


+ 


Ф = 5 f €-»[E, воз éz + E, sin £x]d£ 
0 


7 a 


© 
у, = 5 / enue P, GOS ё + ry sin tx ]d£. 
0 


where те = (р? [8° + 21. 


Since zy, yy vanish at y = 0, their Laplace transforms wiil also vanish at y = 0. 
These two conditions give the relations 


н Д үр ш 9€8?pe- т! 
Jine, - (uh + 2646), = "РР 
2141 Ve-vh 


Enp a 202 = 
ВРЕ, + (p +28°&*)Е, p + (27? 
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CR Ls - € > 
24 IBERE pre, = СР up] 
(p + g 1 8 Ens 2 "ip (р? + £T, e 


2 age 993 | Vi +26* cem 
(р? + 287€?) E, +2B%ysF, = прак?) ° 


Solving these equations and using the values of E, Е, Р,, Е, the Laplace trans- 
forms of the displacement components at (2, 0) are obtained to be 


uls, 0, p) гә! —28°р*# Re EE s "V0 7167 hy, dg- ов" i m f^ MERCI y iz ha, 


а ; A(p, (р, Èp? +87) (p, &) (р? + 27?) 











vle, 0, p) _ 2268, 0, р) ова Re / просв ера? — 29 nsn dE 
a 


а o At» Or e ES) 


í 


zs Те ке (p? + 287? — 28? hyny) 
Еа tm f Ap, Ep? + £V) a 





where | Др, & = (p* + 28?£*)* — 48*£*nsnp. 


and v(x, 0, t) is the y-component of the displacement at (z,0) at time # due to the 
source alone. 








+ 
On putting v = b, v= E, a= выра ааа , the above expressions may 
a g. 
е R 
be written 
ulz, 0, шх, 0, p) 2 Re f ar i, 2)в- ptis — 2" ош Fi(v, z)e-?'dz, ) 
" 0 
tar Өр] x 20,(2, 0, p) + АС Re [ Fl, T Im f zF (v, 2) в-2 4 | 
a a a 0 a 0 
2 
where Е. (у, 2) = im 
s Ons 


Fiv, 2) = [(1 x 2v727) —2v(1-- 2*)4(1 Tv2)*]/ As, 2) 
ANo(v, 2) = (L+ vz?) [ (1 + 2v?22)* — 4y*z* (1 c 22) (1 +11] 


Av (v, 2) has simple zeroes at z = +i«/Vr, ti/v’, Vn being the Rayleigh wave 
velocity in the medium; (1+2 *)4, (1+v%z")t have branch points аб z = +i, +i/v, It will 
be assumed here that V is less:than В 


Garvin determined the nature of the mapping of the 2-plane onto the t-plane by the 
transformation 


t= haga Pm 
g а 
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It is easily shown by the method of Garvin that 


u(x, 0, t) _ 0, — О Erk 
a a 


О a EP et 











dt а 
v(x, 0, Ü 9 ох < МУ 
а ^ а 
_2v,(@, 0,1) , 2v? da(t) 
=, Re| Ftv, ш] 
ES Im [#® ‚Ву, £ 1059 |= S PNIS E 
a 
А m a г. 2 E 
where a(t) = zal uct + h(t EE | 
t 
and v,(z;0, t) =0, oct ci tht 
а 
= aa(a* — V?)t h(Vaz —a*) е 
2 (И – аз)? — a (Vt-2)— (a? — V*)h [s (Vt 0)? + (a? — Р2)ћ?]' 
(x? rh А 
a 


‚ The displacement components have been numerically calculated in the particular 
case V = a/2,2= 2h, v = 1/8 for a number of values oft. The results are given in 
the table below. u,v both oscillate once and then decrease steadily. 


=% 9-5 8 4 Б 6 7 8 9 10 
hu -1'82 108 76 —47 —ъ% —'B —'68  —'64  —47 
= —198 -1:09 -186 —'92 -45 -—26 —'17  -—12  -—'09 


Remark, By superposing the solution due to a negative source starting at & 
slightly later time at a different pomt, a solution is obtained which may represent ап 
explosive disturbance, the point at which the disturbance begins being different from 
that at which it ends. Also the partial derivatives with respect to г of the above 
expressions for u,v give the displacement components for a moving dipole in two 


dimensions, oriented parallel to the z-axis. 
ө + € 
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ROTATORY FLOW OF VISCOPLASTIC MATERIAL 
OF BINGHAM TYPE 


1. FLOW BETWEEN COAXIAL CIRCULAR CYLINDERS 


Ву 


GUNADHAR Paria, Kharagpur, West Bengal 


(Received—January 8, 1969) 


Summary. Rotatcry flow of viscoplastio material of Bingham type between two «axial circular cylinders 
has been investigated for the constitutive equations developed by Oldioyd, Foi ateidy Bow both ‘free’ and ‘plug’ 
motions have been discussed while in wnst-ady flow only free motion has b-en consideted. Pa.uoular 
emphasis has been put on detsrmimng the critical value of the Bingham number above or below which 
the flow pattern 18 a possible one. 


1. Introduction. Since Bingham and Green (1919) discovered that oil paint 
(before drying) is a plastic solid and not a viscous liquid, attempts have been made to 
explain the actual mechanical behaviour of similar materil by combining linearly the 
laws governing the Newtonian viscous liquid and the perfectly plastic Mises solid. 
Following Bingham (1922, and Houwink (1987), а material which can support a finite 
stress elastically without flow and which flows with constant mobility (or plastic fluidity) 
when the stresses are sufficiently great, is called a viscoplastic solid of Bingham type. 
The mathematical formulation of the equations of flow for this solid has been given by 
Oldroyd (19478) ; an account may also be found in works Reiner (Reiner, 1948, Eirich, 
1956) and Prager (Eirich, 1050). As illustrations of the general theory, special problems 
solved so far either exactly or approximately include the steady rectilinear flow (i) through 
a circular pipe by Buckingham (1921) and Reiner (1926), (ii) between two parallel planes 
by Prager (Eirich, 1956) and (ii) between co-axial rotating circular cylinders by Reiner- 
Rivlin (Eirich, 1956). In a series of papers Oldroyd (1947b, 1947c, 1948a, 10480' has , 
considered steady rectilinear flow between co-axial cylinders, eccentric circular cyliuders, 
confocal elliptic cylinders and cylinders of arbitrary cross-section as well аз unsteady 
rectilinear flow between parallel planes and through a circular pipe. Не (Oldroyd, 19474) 
has also introduced the concept of plastic boundary layer and Bingham number in analogy 
with Prandtl viscous boundary layer and Reynolds number respectively. The only 
uniqueness theorem concerning stress and velocity fields ıs due lo Prager (1954) Ilyushin 
(1940) and Ishlinky (1948) have discussed several problems regarding the stability of 
viscoplastic flow, an account of which may be found in the work of Nadai (1950), Recently 
Blber and Paslay (1957) has solved a problem of flcw between couxial cylinders. In the 
present paper the rotatory flow both steady and unsteady, between coaxiai circular 
cylinders has been investigated. The mner cylinder is supposed to bo at rest while tho 
flow is caused by the rotation of the outer one. Though the cl aractevistic feature for the 


steady motion is known already its fresh derivation and discussion with reference tu 
е 
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Bingham number clarifies ideas that follow, The steady flow occurs throughout the 
whole region if the Bingham number is less than a critical value while for its greater. 
values flow region and elastic region (plug motion) occur side by side. In the unsteady 
flow we have considered the case when the whole region is in motion, It is found that 
for a prescribed Bingham number such a motion is possible only for a particular interval 
of time. A discussion of plug motion in unsteady flow will be given in a subsequent 


paper. 


2. Fundamental equations. The rheological equations of state are (Reiner, 1948 ; 
Oldroyd, 19478) 


ри = ЗКА (in elastic regions only, 4?’ up’ as ©?) (1) 

Pa = Que’, (іп elastic regions only, Wup asa’) (2) 

| ры = 2де» (in flow regions only, ^ $рвр'а>@Ў) (8) 
with n = ту tO ike a) t. (4) 


In the above equations, n, is the (constant) reciprocal mobility, v is the (constant) 
yield value, м is the (constant) mgidity modulus in the elastic region and k (not necessarily 
constant) ів the bulk modulus whereas sy is the strain tensor, eg is the rate of strain 
tensor, A = ен is the dilatation, p; is the stress tensor and primes denote deviatoric 
components of tensors, ¢.9., 


. D'a = pat pia, P=- 4p (5) 


8g being the substitution tensor. On the yield surface, the surface of separation between 
elastic regions and plastic flow regions, the transition conditions are that e' must vanish 
identically and the velocity must be continuous, the elastic region being treated as rigid. 
The equations of motion and continuity are 


2%: Opa P |y (6 
ету Ba, с ) 
De жеш = 0 (7) 


where ©, is the velocity vector, X; is the external force vector, o is the density and D/Dt 
denotes differentiation with respect to time following the material particle. We also have 


by = HOuit @jn) (8) 
The above equations with appropriate boundary conditions on stresses, velocity and 
pressure determine the velocity field as well as the yiold surface as a part of the solution. 
3. Steady flow, Wo assume the velocity components in the cylindrieal coordinates 
(r, 0, a) to be 


©. =©,=0  G,-0,-0 and @,= @ = u(r) 
4—2011P—8, 
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\ 


where и is a function of r only. 'From (8), (4) and (8) the nonvanishing "components of 
strain-rate and stress tensors are 


6g = 6,9 = (z- =) (9) 


T 


P'ra = Pro = 96 + (Фе м) [| Cro | (10) 


If e, is assumed to be positive everywhere in the flow region, the latter equation 
can be written ав - 


Drs = Pro = 21.6%+ (9. (10) 


The equation of continuity (7) is satisfied if e 18 taken as a constant while the 
equations of motion (6) in the absence of body forces reduce to 


aj, _ Op dp E op _„ Әр _ | 
(си?) [т = Sr ue + (2/т)рв Ur e s c0 (11) 


which show that p can be taken ав a function of r only. .Substituting (10) in the second 
relation of (11) and integrating we gef 


‘Элен © =2C/r (12) 
where C is а constant. Again, substitution of (9) in (12) and then integration givo 
ти = Dr- (C[r) - 97 logr (18) 


where D is another constant. If flows occur throughout the whole region т; < т < т, the 
boundary conditions u = 0 опт = т; and u = U on т = т, determine C and D ав 

C = а. Ura — B log а) (1—a?) 

UT. l | (14) 
D = q«U[1- Balog a+ (B/a)(1—a*)log те] | [r(1 —а?)] 


where В = ((9ri)/ (4,U) is the dimensionless Bingham.number and a = r;/r, Relations (13) 
and (14) imply 
(u/U) = ((r[r)(1— Ba log a)/ (1 —a23)] — {[(ат„)/т] (a — B log a)/ (1 —a?)] 
+ {[(Br)/ (ат) ] log (п) (15) 
The relation (19) now reduces to 
вы = {aUr,(a — B log а) [ [r*(1 — а*) ]] - ((BU)/ Qar,)]. (10) 
In order to satisfy the condition of flow viz. e, > 0, in the whole region т; <T < г, 
we replace т by r, in (10) and thus get a critical value B = B, such that 
. В < B, = {(2a°)/(1—a* + 2a? log a)}. (17) 


If B > B, the flow is confined in a region <r < R(R < т,) and the region 
R<r<r, moves as а rigid body. 1р this case the boundary conditions are u = 0 on 
т = ту and u = (UR)/r, on т = E while relations (14), (15) and (16)-are modified as 
. 
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С = aq Urla —B log a,)| (1—4,?) ? 
| (14а) 

D = п: U[1* (B/a)( log R-a,? log rj) ]/ [r«(1— а,2)] J 
(u/U) = [(rjr) [1— (Ba,*la) loga + (B/a) log (а/а,)]/(1— а) - {(т„[т)а(а — B log a,)/(1 —a42)! 
+ {[(Br)/(ar,)] log (r/r)) (15a) 


вы = faUr,(a — B log a) [r*(1 —a,2?)]] - (BU)/(2ar4)] (16a) 
where a, = ri] R. 


To satisfy the conditoin e, > 0 for r; <T В we replace т by В in (16а) and get 
a critical value B = B, such that 


B < B, = (2a a,*)/(L- a4* + 2a,” log а) (17a) 


It is to be noticed that ‘a,’ lies between the least value ‘a’ and the greatest value 
unity (since т; < R <r.) and В = (2аа,2)[(1-—а,* +24, log а,) is an increasing function 
of “а,'. The value of ‘В’ increases from the least value ‘В.’ (corresponding to a, = a) 
to infinity (corresponding юа, = 1) Conversely, ‘a,’ may be defined as the increasing 
function of ‘B’ and ‘a,’ tends to zero ag 'B' tends to zero while the line d, = 1 serves as 
an asymptote for large values of ‘В’. A Newtonian liquid is a limiting case of a Bingham 
solid with B = 0(@ = 0) and consequently a, = o i.e. R infinite. “As ‘В’ increases from 
zero the possible region of flow contracts gradually, and when a critical value ‘B,’ is 
passed, flow in the whole region between tho cylinders cesses to be possible. A plug of 
elastic solid then forms at the outer boundary ; the region of flow contracts as B increases 
further and is confined {о a thin sheath surrounding the inne: cylinder for very large 
values of 'B'. However, for finite values of ‘B’ (greater than ‘B,’), E is finite i.e, there 
ів a marked yield surface. Table I gives values of ‘B’ for different values of ‘a,’ when 
‘a’ is prescribed. Since ‘a,’ is equal to ‘a’ for fiow throughout the whole region 7; « r < r,, 
the numbers written diagonally in Table I correspond to the critical value B = B, and 
these can also be verified from the result (17). 


TABLE I. 


Values of ‘B’ as a function of ‘a’ and ‘а’. 








0.2 0.4 0,5 0.6 0.8 0.9 1,0 
03 оо — — — - — — 
0.4 0.1171 0.2842 — — > Е = 
0.5 0.2479 0.4968 0.6197 = — — = 
0.6 0.5290 1.0580 1.8221 1.5870 = 3 — — 
0.8 3.4453 6.8904 8.6133 10,8859 13.7812 — — 


0.9 15.7480 81.4960 89.8701 47.2441 62.9921 70.8662 — 
1,0 infinity 
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д. Unsteady flow. The velocity components are taken to be @;= ©, = 0, 
©, = @, = 0 and ©, = © = u(r, t), where u is now a function of rand $. The non- 
vanishing components of rate of strain and stress are still given by (9) and (10). The 
equation of continuity is satisfied by taking о as a constant. If p(r, t) is assumed to be 
a function of т and t опу, the third equation of motion is identically satisfied, while the 
first two reduce to 


When expressed in terms of velocity component with the help of (9) and (10) the 
above equations implies 


ou, (24 4 1884), 20 
е pU (1) 


We consider the simple case in which the inital state is one of res& and the motion 
is 565 up by a uniform acceleration g of the outer boundary. We also suppose that motion 
takes place in the whole of the region т; < т < т,. The boundary conditions are then 


u = 0, t=0, т ] 
и= 9 t>0, т = Т, | (19) 
и = 0, t>0, PIG 


The Laplace transform &(r, £) = f t) exp (— 204+ of (18) aud (19) reduces the 
0 


problem to the solution of the differential equation 
Ou  10ü (x Ly 20 у. of 
oa et ary р 8 xf 20 
Or? т Or т тат "i (20) 


with the boundary conditions 4 = 0 опт = т; and ü = 9/ ont = %, 


When this is done we have (Relton, 1946) 





а = o Lr) e, E07) +29 | (21) 
of?r 

with J, and K, are modified Bessel functions of ordor one of the first and the second 

kinds respectively and the constants c, and c, are given by 


Ec, = {[(g/*) - @®)/(оё®т)]К(Атд} + {(2©)/(ol*r К Ar) (22) 
— Ec, = {[(g/é)— (2) (o€?rs)]1, (art + CONE) ]I,(Are)} (28) 
with B = 1, (А) (Ач) LAKEAT). (94) 


The inverse Laplace transform of (21) gives the velocity distribution u. Since 
motion for only small values of time 18 of interest we expand various expressions for large 
yalues of { and then take the Inversion. 
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When asymptotic expansions (Relton, 1946) 
I,(z) = (9т2)74(1— 8/(82) +...) exp =, 
K,(z) = пі(22)-+0 + 8/(Bz) +...) exp (—2), 
and the formulae sinh х = cosh x = $ exp € for large 2, are used, we gel 
EAT) LAT) LATEK (Ar) = (2A) (та)-1[1+ 837027 —171)] exp [A(r—1)] (85) 
Е-1 = Атта) [1 ФА (n? —77)] exp [Ат] (26) 
and similar results, neglecting terms of А7? and higher orders. With the help of results 
from (22) to (26\, the relation (21) simplifies to | 
а = {(7.[т)%—72[9 — (2®)/(ет)][1—(т,/0)%Ё—1(т1—т„1)] exp [—(,—т) 
(e£/1,)3] + [(2®) 1062) (г) 3 [1 Ваше Hr + 771 27) | 
exp [- (2r, —т—т)(в&/т,)%]}+{(20@)/(оё%т)} (7) 
The inversion of the above relation gives (Crank, 1956) 
(u/U) = (ar,)-*(g, —2Ba)f4r i* erte[3r7 Ha" * —7,)] 
—8(r,71 — а) ео [3773(a7! — 7,)]] + 2Br, 7 *(4ri* erfo[$r 7 1(2a7! — 7, — 1)] 
—B8(1-- r,7! —2a)z?P?? orfo [477 $(2a7 1 —7, -1)]| +2Brr,' | (28) - 


with r= те, М = отт, 911.0 = ger? 
while ‘a’ and ‘B’ are defined as before and U in this problem is be treated as a reference 
velocity used to define ‘©’. In order to satisfy the condition of flow, viz. e, > О in the 
whole region Ti <T < Te we write 

(u/U) = 4r(ar,)-¥(g,—2Ba)i? erte[37*(a^ ! —7,)] 

+ 8Ber,7 112 erfe[ 3r (2a Е ]*3Brr,! (28a) 
neglecting і? erfo, which means the same as retaining terms upto £-' in (27). Noting 
the results (Crank, 1950) 

аах (erfo z) = ~2n-* exp (— 2°), d/dalierfe а) = —erfe z, d/da(i* eric т) = —i orfe æ 
we obtain the condition of flow (е > 0) from (9) and (28а) as 
(g, —2Ba)a-t(i erte[3r 4i еме (a71 — r,) — 8r, rti? evfe[3773(a7 ? — 7)]] 
+ 2Blierfe[3r75(2a7! —r, — 1) – 37-2700 erfe[4773(2a7! — 7, — 1)] 
—rir, PP] zm 0, Isns i ш (29) 


The positive terms in the left side of the above inequality decrease as т, decreases 
and hence to ensure the condition (20) we put the lowest value of 7,, viz. т, = 1 ond 
obtain {(2Ваї)/9, < F(a, т), where 


Fia, т) = fi erfo[bz (071 — 1)] - 879? erto[4r7(a71 — На erfe[3r7 (a7 0] 
— B(ar) ti? erfe[ 4377 5(a7? —1)] — i erfe [r7 (a7? — 1) ] 
С +8742 erto[r7 (07171) eri]. КУ (80) 
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To fix ideas if we take а = 0'5 the condition reads as 
(B/g1) = 2-XF(r) = {ЕЁ |(т)/[Е (т) —21F,(7)]] 


with 


Table П gives the values of F(r)/2+ for different values of т. 


T 0.08. 
Е(т) [2+ 0,0028 

т 0.21 
F(z) [2+ 0.0844 

т 0.59 
Ё(т) [2% 0.0802 


Е, (т) = i erfe (4773) — Вт? erfe(377 4) 


Е» (т) = i erfo (7-5) — 8711 orfe (77t) — тї, 


0.08 
0.0058 


0.25 
0.0894 
0.69 
0.0914 
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TABLE II 


Values of íF(r)/21]. 


0.11 
0.0187 

0.81 
0.0424 


0.88 
0.0090 





Refciences. 


0.18 
0.0175 
0.89 

0.0421 





(81) 


The negative values 
corresponding to т 2> 1'0 are inadmissible, (B/g,) being essentially positive. It is seen 
from the table that as т increases, F(r)/2t gradually increases, takes а maximum value 
at a point in between т = 0'81 and т = 0°89 and then gradually decreases. This implies 
that for a prescribed value of (B/g,) = {F(r)/2#}, there are two values of т between which 
{F(r)/2*} > (B/g,) and hence the flow pattern is a possible one within this period only. 
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‚ Abstract, The effect of anisotropy on the deformation of a thin circular cylindrical shell has been 
considered when it is bent by lateral loads only. The theory adopted is that given by Love. It із found 
that for a particular material the magnitude of deflection in anisotropy may be decreased from that in 
isotropy by 29% or even more, depending upon the polar angle. The less the polar angle the more the 
anisotropic effect. 


4. Introduction. Beginning with the work of Aron (1874), Mathieu (1888), 
Love (1888) and Basset (1890) as re-examined by Krauss (1929), Trefftz (1935) Odquist 
(1987) and others, there exists a vast literature about the theory of stretching and 
bending of thin shells of isotropic material. Though an acccunt of the general theory 
fnay be found in books of Love (1926), Flügge (1984), Biezeno and Grammel (1939) and 
Timoshenko (1940), special interest lies in the treatments of Reissner (1912), Meissner 
(1918), Schwerin (1917), Dischinger (1935), Havers (1985), Jakobsen (1987) as well as in 
those of Reutter (1942), Byrne (1944), Fadle (1944), Goldenweiser (1945), Rabotnove 
(1945) and Zerna (1949). The papers by Chien (1944) and Synge and Chien (1941) are 
remarkable for their complete generality. For fresh derivation and critical reviews, we 
may refer to papers of Truesdell (1945), Green and Zerna (1949) and Reissner (1941, 
1946, 1948, 1950, 195ба, 19556), Circular cylindrical shells which concern the present 
part of the paper have been dealt with by ,Teodorescu (1952), Grigolyuk (1958), Ной 
and Kempner (1958), Wuest (1954), Ambartsumyan (1954) and Yuan and Ting (1957). 
Tn all cases, however, the material is assumed to be isotropic. In a general survey of 
orthotropic shells by Hildebrand, Reissner and Thomas (1949), more emphasis has been 
put on the effect of transverse shear stresses than on the effect of anisotropy. We shall 
investigate in a series of papers the modifications to be introduced when anisotropy of 
the material is taken into account. For the purpose of completeness, the equations of 
equilibrium, stress-strain relations etc. will be deduced from those of three-dimensional 
elasticity and usual assumptions will be introduced only at the particular stage where 
required, То this first part cirular cylinders with laleral loads will be discussed. 


2. Equations of equilibrium. We consider a thin circular cylindrical shell of thick- 
ness 2h, the radius of the middle surface in the unstrained state being ‘a’. The position 


194 ; @, РАВТА 


of a point on the middle surface may be specified by two coordinates х and 9, where the 
axis of z is taken parallel to the axis of the cylinder and 9 is the angle between a pair of 
planes passing through the axis of the cylinder and the ога is taken on the middle 
surface. We tike the axis of 2 along an inward drawn radius. The positive directions of 
the axes of x, ф and 2 are so chosen that they form a right-handed system. Thus instead 
01 usual cylindrical coordinates (г, 9; 2) we take (2, Ф, 2) where т, 6, 2) are replaced by (a-z, 
Ф, х) respectively. The linear element ds in this system between any two points is give by 


ds? = dz? + (a—2)dg* + dz?, 1) 


The general equations of equilibrium for the stresses in curvilinear coordinates (Love, 
1926) take the forms, | 








Бэра: viaa АШ а = 
Or а-я дф Os а FILE ч 
Ore, L Oe, | Ora _ _ 
| Өл баса Op * бе а-а" he @ 
Qo lou. D. donee ce 





We multiply these equations by (a—2) and intergrate with respect to z for the 
limits (—h, №). We also multiply the first two equationa by z2(a —2) and integraté for 
the same limits. The second operation is not performed on the third equation, for that 


will introduce quantities not required in the present theory. It is then obtained, 


Оа a L9 p. = 0 
a 4 Oe P 
ӘМ, 1 ON, 1 i: 

ес + =0 8 
Se ier 5 р. = | (8) 


Qo, 100, | 1 zo 
бл abe a er A 0 





(4) 


o 
= 
ale 
Ф 
ЗЕ 
+ | 
= 
I 
3 
И 
e 
РИБ 


THIN ANISOTROPIC ELASTIC SHELLS 


125 


where the stiess-resultants Nz, Nep, О» etc. and the stress couples М», М», etc. are 


defined as 
[G-: | 
М, = (1- Е Уй, = / odz 
Sh a =h 
h h 
№», = (1 — 2 гый, Na = ] та? 
-h -h d 
h 2 - ГА 
Qa = ] (1 = 2 udo, 0, z n та 
-^ En 2 -h 


h 


Mz = (1-2 \oade, M, = | есй 


h 


h 
Ma m- | m ym Ma = f жыз 


h -h 


Elimin tion of Q, and Qs between (8) and (4) gives 


eN, ү ТӨМ д 0 
cr a 


АМ e 
Neo | 1 ON, Æ 10Ма 1 ОМ, _ Lm, =0 














ax а со а cx a бо a 
д M, ¿1l OM, _ 1 Me 1 OM 

x * * LN, + 
Ca’ a Ease а QOrOo a? Sq? Y We 


5 -QUII P— 8. 


— 


Ory F 


— hee 


1 Om, _ 
а 9 


=) 
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These equations may be deduced from the general formulae given by Reissner (1941) 


and Hildebrand, Reissner and. Thomas (1949). These are deduced in п different manner 
by Timoshenko (1940). 


З  Strain-displacement relations. Using the general formulae in curvilinear 


coordinates (Love, 1926) the strain components are expressed in terms of displacement 
components as Е 


ga Oue , | 1 (= -u), „= дш 


oe а-2\ O» С дд 
1 (9s ) Ou Qu, Әп, А 
uf o = tu L, = — + zi к 
Та 20 Ge °/ 02’ I" Gg бт i 
= 8и, l1 Өш 
Yee Өл a-z 49° 


д. Stress-strain relations, For cylindrically aeolotropie material the strain energy 
function W is given by 
| ЗИ 04,8" + 03,5, + C3, + 20,5, + 20318,8 + 2е 4255, 
+ бый! * Cas zz T OY ^25, (сы = Cay) 
The corresponding stress-strain relations are 
Tg = Сб 6165—6138; Туз = Cases 
Oy = 03185 + 0338, + 6136; Tro = Casas (9) 


Oz = 03185 + C348, Оззё; To, = бае йж. 


In а thin shell the normal stress с, із of smaller orler of. magnitude 


in co nparison 
with.normal sresses oy and т, (Green and Zerna, 1950). | 


Hence it is customary to take in the stress-strain relations 


с, = 0. - d (10) 


When the assumption (10) is used the elimination of e, reduces tho first three 
relations of (9) to 7 E ` 


=, 
23 


БЫ 
Og = 81165 +8136, 


T, = 81364 + 81165 | (11) 


where 81 = су — (6313/6331, 839 = C32 — (C?23/ 033), 8,5 = Cia — (C 1s033/ C31). 


5. Usual assumptions. Lett be assumed that 
Ча(@, e, 2) = u(x, 9) аи, (т, v) 
u (z, 9, 2) = 002, e) +2u,(z, p) (12) 
и. (т, 7, в) = wa, o), 


where (u, v, w) are the displacement со npononts of the mid Пе surfasc., 
eo 
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We also assume that the transverse shear stresses rz, and т.д AL Zero, 1.6, 


The assumptions (18) imply that straight lines initially normal to the unstrained 
1.10816 surface remain straight after deformation and become normal to the strained 
middle surface (Bernoulli’s law) (Tsuboi and Akino, 1958) while the third assumption of 
(12) put a sovere restriction on tho strain components Ем and є, viz, c,,65--0,,€, = Ù as 
revident fiom (8) and (9), This restriction ıs not retained in the classical theory of 
thin shell, thus introducing cne of its drawbacks. Substituting (12) in the fourth and 
fifth relations of (8) and t'en using (18) we get 


= 99, и=-1 (@ +o). (14) 


Cx 





fq = 6 – Хр, = („— )/(1- 2) (15) 
w= [=-(а-}ы]/(-®) 
‚т oy xis ctos 
Whore Lg 17 n Mi us 
Ф 
^Y 
gw 300и ) ов ) 
Са NT и а Әх\ Bz : (16) 


The formulas (15) may be deluced from the general expressions given by Love (1926). 


6. Love's first approximation, If ihe thickness of the shell is small in comparison 
with the radius, we may put in (5) and (15) 


i 1- 24, (17) 

G 
From (15) fp = 8 А, tQ = &,—@\, quu = T — 2X... (18) 
It is seen from (5), (9) and (18) 656 Q4 = Q,— 0 (19) 


Even when (19) is not satisfied the relations (18) are assumed to be approximately 
ecrrect, In that case Qe and Q, are determined from (4). The other stress resultants 
nnd stress-courles are determined from (5), (11), (18) and the last relation of (9) ав 


№ = 2h [8,16 +818], N, = 2h[s,,,- 89985] 
Ns, = No = 2he, oa, 
М, =- $h [84 Xat 815%, |, M, = — 8h [6,,X, + 835%, ] (20) 


М» = — May = сх... 
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The effective transverse shear forces Ve and V, and the effective ` angential shear 
forces Ve, and V,a defined as (Love, 1926}, 


AMO ^ 
Va = Q,- Mur ОЁ Q «ST | 


а Go! А 9 
1 с 1 К 
Ving = №, + = Mae, Ты =-Мы+ = Mas У . (21) 
a : 
are obtained from (4) and (20). Thus 


ӘХ ӘХ 
Vs = – ws — +8 9 
& 3 11 fx 12 cz 





4(¢4,/4) ee | +My 
CP 


ex, Xa н 
y, = дно, Ма) S +(вш/а) a eae Ке |+, єз) 


Vag = — Vou = 2һсь„[ф +M aX]. 


Substituting (16) in (20) and then (20) їп (7) we geb three differential equations 
satisfying the displacement componente (u, v, w) of the middle surface as follows, 





2 
р +( (а/е) 5 a (s 812+ + Cae) 89 


= 8471 ew | E 
ёп дуа 2239 C bn Se + (Pal) 0 








20 20 и) т Ow 
a7 (8,5 t Св) 96 oa +a778,, Set + а? (8,446) = КЕД + hha а ccs ae 


+$h-'(p,—a-?m,) = 0 


ди 
88+ ( (81/0)? 


ar a - 4h [S (asa + 40,) oe + ( E (ваз Га? E oe =) 


Stw 2 ew 
ЕЕ 





otu 
+ (833/0) — ©$5 | 





19 
а/п) (n- бта eat Ae) =0. (98) 
In writing the second equation of (28) the &ssumption (17) hus been used, Тһе 
results for isotropic material will be cbtained by setting c,, = C32 = 0,4 = A t 2g, 
C44 = Cos = Cog = H, Cas = С, = 0,4 = A where (А, р) are Lame constants. 


7. Simply supported shell with sinusoidal loads. Let the shell of which the 
edges are given byx=0,2=1, ф = 0 and ¢ = а be bent by a normal load only во that 
Po = Py = т, = т, = 0 ара 1е5 - 


р; = ре Biù (т/а) sin (s2]I). | (24) 
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If the shell be simply supported the boundary conditions-are (Love, 1926) 


w=M,=N,=0 on == 0, g=- (25) 
ш= М=М= 0 on 9=0,9=2 `. (20) 
Vag = 0 on 2= 0, =l : (27) 
Ven = 0 on 9=0, 9=4, - (28) 
The displacement components 
и = А sin (т/а) cos (72/1) 
v = В cos (xe[a) sin (rx/l) ` (29) 
w = C sin (ea) sin (я#/1) 


where 4, B and О sre constants may be easily verified to satisfy the conditions (25) and 
(26). Substitution of (29) in (28) yields — - н | 3 
(1,70) + [oso] (ааа) А + (вза + Coo) (аа) B + [аза / (а) )С = 0 | 

{81a + Coe)/(aal)}A + [| (0*2?) ] + (coo/ P) B + (ав) (аа (вла + 204) ГР + [5 (ая С = 
(65/0 4 + {ag + фт? (8, + 4с) + ат 2728, MB (аа) } + {[ва„ (та) ] + Аат [ (в, 14) 

4-2(aa1)7*(8,, + свв) + (ав) 7*в„]}0—{4{(ар,)/(тҺ)} = 0. (80) 

Equations in (80) determine the constants А, В and С. It may be pointed out 


thal the state given by (29) and (80) does not satisfy the boundary conditions (27) and (28) 
exactly. However the average values of Va and У, on the corresponding edges as 


determined by the integrals f Vade wa f У = vanish, thus showing that each of ieee 


0 

tangential shear forces forms a self- она system on the seperate edges of the shell. 

Hence by Saint Venant’s principle we may assume that the boundary conditions (27) 

and (28) are satisfied so long as the edge-effects are not considered. Us'ng (29) and (16) 

in (20) and the first two equations of (22) it is obtained that 

Me = Sath® {(na%a)—18,,B + [8,,/1?) + 812 (42)7*]C] sin (п/а) ein (а2/1) 

М, = 22? h?((2a!a)718,,B + [(8,2/l*) ыз a)~#]C} sin (z9/a) sin (2/1) 

May = — Mi, = $, (aal)! (а |п)В + C] cos (тФ/1) cos (2/1) (81) 

V, = т ((a*al)- 1 (8, + 4с.) В + [ (844/15) + (a2a2l)” (з, - 404,1] C] sin (rora) соз (12/1) 

V, = Se h?((za)7 [(a2)7?8,, +41 св В+ [(a2)7?845 + (La)! (6,4 + 404.) ] C] сов (пФ / e) sin(sz/1). 

In the particular case when l = az, the equations in (80) simplify to 

(1+, А+ (L+ Àa) B +A aC (na)] = 0 

(LA4,) ALH Aga) В + В" a?) (2 Arg +A) 0 [ (na) 1] = 0. 

ХА + {А + дл" (в [1#)(4 + А,» + А) В + {[1/ (a) Лаз + пав ? (4 + А, 814,0 
—{(абр„)/(@тһс\} = О (82) 


where Àir = 811/066, Аза = 822[Свв› Ara = 812/666 (98) 


180 G. PARIÀ 


In the isotropic material 
An > А = 4 (с, + Coo) (erat 2сь), Аа = 2с / (0,4 + 2C,,). (84) 


8. Numerical results, For barytes (Love, 1926) we have 
су = 907, Cy, = 800, c,, = 1074, c4, = 278, c,, = 275 
с, = 468, c,, = 122, Css = 298, cg, = 288, (35) 
where the constants are expressed in tcrms óf an unit stress of grammes’ weight per 
square centimetre. These give 


Ai, = 2'9561, A,, = 2°8268, A,, = 176537. (88) 


In the isotropic case, calculating À,, = А,, and А, а from (34) and (85) we get 
Àj = Àg, = 2°9052, A14 = 0°5474. (86a 
Since it 18 generally conceded that the shell ів no longer thin when (h/a) > 1/30, 
we take an extreme value, viz. (h/a = 0'08. Тһе equations (82) now give A, B and C as 
(4a, Ba Ca) = (ia, Var Walk (hese) a? p, (87) 
(4, B, Ci) = (ü, vi, ш) (Һс, 1р, c. (87a) 
where A; and А, denote the values of A for the isotropic and anisotropic cases respectively 
with similar notations for other quantities and Па, üq...nre the amplitude constants 
depending upon а. The following table gives the values of üa 1;...ав functions 
of (a/m) = 1/(та). 16 is seen that the absolute value of fig and va are always greater thar 
ii; and т; resphctively, while w is less then” w;. For lateral loads, as in the prosent 


illustration, normal defection w are of primary consideration and the anisotropic effect 


on it may be cs far as to decrense the value by 29% corresponding to the polar angle 
а = 0'05т. 


TABLE 


Values of amplitude constants 


= жс, 90006 0 08 0.10 0.20 0.50 0.70 
d, 00 — 0.0006 —0 0018 0.0801 0 1943 -0.1778 
d; 0.0 —0.0002 —0.0005 —0.0070 -—0.0888 - 0 0895 
та 0.0 0.0008 0.0016 00196 00869 0.1297 
v 0.0 0.0 0.0001 0 0028 0.0105 00151 


Va 0.0017 0.0111 0.0958 0.1888 0.8208 0.8947 
Әә 00024 0.0:58 0.0351 — 0.2184 — 0.8987 08818 
Decrensein w; 999% 28% 26% 14% 8% 2% 
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NOTE ON A FORMULA OF RAINVILLE 


By 


L. Caruitz, Durham, N.C., U.S.A 


(Communicated by the Secretary—Received Januarg 28, *959) 
Rainville (1945) has proved the formula 


- (Sy P,,(cos а) -X . (en Romy P4. P (cot 6 


Ina recent paper, Bhonsle (1957) has made some applications ol this formula 


(1) 


We should like to point out that (1) can be generalized to hold for the ultraspherical 
polynomials бла) defined by 


(1— 22+) ->= X Poa). 


n-0 


Indeed, since [Erdelyi et al, 1955, p. 262, formula (10)] 


ct сов В 


: = < "02-4 (eos В) 
P sn! 8) J,(t sin В) => е 











— Qr. 
we have $ (чь (в E "ОТ (cos В) of sin В соз лш а J (Ё sin В) 
Kri sina 4 (2A —1)» (4t sin? В)^ 
=> Yo „(58 3 CA^ (сов a). 
= (2X — 1)* Nein о 


Cousequently, on equating coefficients, we get 
Е В 


++ = 2A =n Nun (6 -а)\" pats р 
tee ain By Cx (сов a) ->( " (=a) Cy; (сов 8). ( ) 
For А = 0, (2) syideatly reduces to (1) 


If wo recall that (Szegó, 1089, рр. 80, 81 
С} (сов а) = gin (n+ l)a 


SIn g 

lim A7!C, (cos а) = 2/n cos ne (n 2 1) 
узе 

we get the special cases 


(any sin na -5(° (ei sin (B - «) A ain (n—7)8 


8, 
1=0 
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уву а-в 7 


Indeed (8) and (4) are contained in the obvious identity 
(m у – У T 2 ye: —@ J oln- 
BID а віп a 


= (в (B-a) TOE 


sin а 


We remark that for В = 2a, (2) reduces to 


(9 сов а)” СА * (cos а) =>( an ) CAT (сов да). (5) 


T 
т=0 
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SOME RESULIS ON A CLASS OF NON-ABSOLUTELY 
CONTINUOUS FUNCTIONS 


By 


Р. Т. Ganavi, Calcutta · 


(Recerted—April, 18, 1959) 


We discussed in a previous article (Sengupta and Ganguli, 1959) how starting with 
a series За, = 1 with a, > 0 and a, > E, = Guay anpa tanse , we may construct a class 
of functions f(x) each steadily increasing and continuous in Ogei but not absolutely 
continuous in the interval. 


In this note we propose to study the behaviour of the inverse functions of the above 
clase of functions. We shall, in particular, show that the inverse functions are absolutely 
continuous in 0<2<1, : 

Secondly, the bracketed series (a, — В.) + 2(a, — Ra) + 2?(a, — Ra) +... which emerged 
in the course of our discussion was proved to be convergent having a sum less than 


n In faci, (he sum is f f'(z)da < 1 and since f(1)-f(0) = 1, it follows that f(z) i 


To an integral. We. shall в the behaviour in regard to convergence of the above 
series "when the brackets are removed and also certain other allied problems in ' 
this connection. | | 

We also discuss in this note how we may construct a series Xa, = 1 with dy > 0, 
а, > R, such that the series will enable us to define a class, having the power of the 
continuum, of steadily increasing continuous functions in Oge] and whose inverses аге. 
also absolutely continuous. We shall discuss the nature of convergence of the above series 
n this case also. | 

Lastly, we have discussed how we oan construct, out of two infinite series of the 
above type, a more general class of functions which are steadily increasing and continuous 
but not absolutely so and of which the class considered previously form a particular cage, 


I 
The key to the construction cf the class of functions, referred to in the first paragraph 
of this note, was as follows. 


We take an arbitrary convergent series of positive terms Zb, = с < 1 and construct 
another series of positive tsrms За» such that 


(i) Ха, = 1 
(ii) an > En = Oni tanga tore 
(ii) 0 < an— Rn < ыы”: 
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Now, if S denotes the Cantor set on 0<¢<1 and «€8, then а can always be expressed 
uniquely in the form 


а = ‘d,d,d,... (scale of 8) 
where each d = 0 or 2 
We then define a function f(x) on 0<a<1 as follows: 
lf 265 and На = *d,d,d,... (acale of 8) 
where d, = 0 or 2 we take 
f(x) = Xa; where a,’ = 0 if d, = 0 
= än if а, = 2 
This defines f(x) on 8 
Next, we define f(z) on the complementary sot CS according to the following scheme, 


. Let 8,, 8,, 8,,... be the everywhere dense set of enumerable open intervals constitut- 
ing CS. Апу interval ¢; is such that its end points Ё and т ($ < 1) belong to S and such 
that F(E) < f(x). 


In the interior of 8; we take 
f) 8 + e- pD- 


It has been shown that the function f(z) so defined is steadily increasing and 
continucus on 0<2<1 but not absolutely continuous. Also we have shown that on each 
of the 2^7! intervals of the nth order 

f'&) = BaRa) | 

Let us now consider the inverse of the above function y = f(z), say, а= Ф(у) on 

0<у<1. The inverse function is obviously continuous and steadily increasing in 0<y<1. 


It is easy to show that each of the 27^! intervals of the nth order 1s mapped into 
an interval of length (a, — Rn). Also over each of these intervals 


/ Sob. = — l 
V0) Ht aR 
1 
Hence f e'(y)dyz-1 
0 
1 
But f e@dysett)-90) = 1 
0 
1 
Therefore / e'(y)dy = 1 = Ф(1) ~ Ф(0) 
го 


It follows that the inverse function is absolutely continuous though the original 
&unction f(x) ie not во. 
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The conclusion that we naturally draw from the above factis that there are some 
sels of measure zero on Oze-1 whose maps by the function f(a) are not sets of measure 
zero while the map of every set of measure zero on 0<у<1 by the inverse function $(у) 
is a set of measure zero. 


Let us examine in particular the set f(S) where S is the Cantor set on Orel 
We know that mS = 0 and since the sot is closed and f(x) is continuons, the map f(S) 
of S 18 also а closed set and hence measurable. 


Now, т/(8) = 1- [(e, — E) + 2(a, — B4) + 2*(a, — R,) +...] 
But 0 < a, — В, < b,[9n71 
Hence mf(S) > 1-(b,+b,+b, +...) 1-020 


Thus the еб 8 of measure zero is mapped by f(x) on а set of positive measure 
which incidentally establishes the fact that f(x) is not absolutely continuous. This may be 
taken to be an alternative poof of the result obtained by Sen Gupta and Ganguli (1959) 


The above results can be expressed in the following form. 
If >а, = 1, а 2 0, On > By = appi Hangat.. 
0 «a, — E, <b,/2"' where Xb, = o <1, 
then the set E of numbers Xa, where а, = 0 or a, at pleasure, is a set of posilive measure. 


Now, Prof. K. Menon (1948) has shown that 
mE = lim 2°R, 


_ now 
Again, we have 0 < a, — BH, < b,/2n71 
Therefore lim 2a, = lim 2*E, = mE >O 


As a corollary it immediately follows that, for any series Sa, = 1 with a,>0 
an> Ry = аы даа +... and O< а-а b,/2"7, lin та, is positive and equals 
the measure of the set f(S). 


II 


Let us consider the series of positive terms 
(a, — B4) + 2(a, — R,) --2?(a, — R4) +... (A) 
which is obviously convergent having the sum 1— mf(S). As lim 2""!H, is not zero, the 
series obtained by removing the brackets is not convergent. 

If a new series is obtained by bracketing the terms in a different way, then the 
question naturally arises whether the new series converges and if convergent what will 
be its sum, 

Let us, in particular, examine the following series - 

a, + (2a, — E) + (21a, 2) +... + (21an — 29 Ry) +. (B) 
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Н S, and T, denote the nth partial sums of the series (4) and (B) rospeotively 
then ` 

. Ta = 81+ 29718,01 Amf (8) 

Thus the series (A) and (B) have different sums. 
Again, we have the following double ser'es corresponding to the series (4): 
| в—@%—@,—@а,—@—... 
0 4 2a, — 2a, —2a, —2a,— ... 
OFO 4- 25а, — 5а, — 2*a, —... 
04-0 0 7 2*2, — 23a, — ... 


The sum of this double series, by columns, is Sa, = 1, while its sum by rows is 
obviously 1— mf(8). 

Again, the sums of the successive rows of the above double series, when each - term 
is taken positive, are respectively 

1, 2R,, 2°R,, 2°В,,... | 

The series 1+2R,+2°R, +2°R, +... is clearly not convergent. It follows that the 
conditions for Cauchy’s double series Theorem do not hold." The curious behaviour of the 
series (A) is not, therefore, unexpected. | : 
| ш . c od. № 

We shall now construct a series Sa, = 1, а, > 0 such that the corresponding 
function f(z) defined on O<#<1 according lo the above plan will be steadily increasing 
and absolutely continuous on 0<251 and such that the inverse function will also have 
the same property. For this purpose we shall have to construct the series ia, in such 
a manner that the non-dense perfect set Say’, where a,’ = 0 ог an, is of measure zero. 
Prof. К. Menon (1948) also discusses how this can be done and his method is remarkably 
simple. We, however, follow a different method. s lg 


We start with an arbilrary sequence of steadily decreasing positive numbers 
by, bg, Dase (b, <1) 
tending to zero as limit. Then we choose a sequence of pcsitive numbeis (a4) successively 
according to the foliowing scheme. 2 a 
` max(j, 1—5,/2)<а,<1 


mox( Lis A 1-4-3) <a, <1—а, 


» $ . Е ЖЕЛЕ»: 

— 1-а-а.-... — ln- р b, д j 
‘пах бабы, 1-а-а,-.. ~ 4-1-3) ag 
«x 1—a,2a,-...- d. 


* and во on. 
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It 18 evident that each of the elements of the sequence faa} can be chosen tn a 
number of ways having the power of the continuum. 


It is easy to verity that 
Ҳар = Га, > E, and lim 2°R, = 0 
and it follows that the measure of the set /(8) 18 zero. 
Now, let us take any set F of measure zero оп О<а<1. We can write 
F = FS+P (CS) 
Each of tlie sets P.S und P.CS is obviously of measuro zero and clearly 
КЕ) = fUP.S) - f(F.CS) 
Obviously, m{f(F.S)} = 0 and 14 is easily verified that m/(F.CS) = 0. 


It follows that mf(F) = 0. This shows that any set of measure zero оп 0<5<1 is 
mapped by f(z) into a set of measure zero, Hence the function f(z), as constructed 
above, is absolutely contmuous on Osez l and it 15 easy to show (asin Sec I) that the 
inverse function is also absolutely continuous, 


Since f(z) is absolutely continuous on 0251, 


1 
f f'G)dz = (a, — By) + 2a, — В„)+...+9%°Ча„—В„) +... 
0 


= f(1)-f(0) = 1 
Ав а corollary, it follows that 
lim 2%, = hm 2°R, = 0, 


Ii this саве, the series X2"^!(a,— Ra) converges even though the brackets be 
removed and the sum equals 1. 


IY 


In this section we propose to indicate how we may construct, out of two infinite 
series, а more general class of functions which are steadily increasing and continuous 
but not absolutely continuous, ‘This class will include, as a particular case, the class 
of fuuctions discussed by Sen Gupta and Ganguli (1959). x 

We construct two series Za, and ХА, of positive terms such that Ха, 1, 
SA, = 1 with 

а > Ta = Qni Fanta Pasi 
An > В, = Ang, +44 +... 

Starting with a steadily decreasing sequence of positive numbers b,, by, b, 

ending to zero we choose d,, dy, а,,... successively such that 


max ($, 1—5,/2) <a, <1 





пов vee Anny , 1—ау—ау—... -an= by/2") 


«ар L 1—а,—а,„—...—@., (n = 2, 8,...) 
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This ensures that 
Xa, = 1, a, > ть and lim 9%, = 
Again, starting with a series 3c, of positive terms such 2c,=c<1, we choose 
A,, Aq, A,,... successively satisfying the conditions 


$34, < 43% 


144—4: < A, <min{ казышы +, 1-A,7 A47 Asi] 


This ensures that 
XA, = 1, А, >> В, and 0 < A, — B, < Cy/ 2771 


Let us now denote by 8 the set {5а,'} where 


ГА 


Gy’ =з а, от 0 at pleasure 
and by T the set {54} where 
A,’ = А» or O at pleasure, 
By what we have already proved 
, тб) = 0 and m(T) >0 
We now define a function f(z) on O-;z«;1 which sends the set S onto the set T 
as follows: 


If ERU tugtust..., where Us = а» or 0 
we set Ка) 2 v, v, Vt... 
where | Us = А, il Un = а, 
=0 ifu=—0 


By this mapping 7; and a; are mapped respectively into R, and A;. 
The set S splits the interval 0<2<1 into complementary everywhere dense open 
non-overlapping intervals J of the type 
Uy tig te PURE OES Uy Ни... HURE Ogg 
where щ=0 or а, i-1,9,..,k 
The interval J of CT given by 
V +Dato РОБ Hua у «v, RV esi Ve Ags, 
where ` v; = Á; if uj=a, 
=0 if u=0, i21,9,.,k 
will be said to correspond to the interval I of CS, 
Any point of I is obviously of the form 
€ m Uy bgt ЧЕ They (ан Тк), O0 «1, 
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We define f(x) on I as follows; 


- If T= UU, +... +H + They + (ак, та) 
we take . f(x) = v, v, cvy Вк, t Olr — Ву) 
where 9, = Ay, if u= a 

=0, Ни=0 


The function f(x) thus defined maps tho intervals of CS into corresponding intervals 
of CT. Clearly f(z) is steadily increasing and continuous on 0<2<1 with f(0) = 0, 
f(1) = 1 and since m(S) = 0 but m(T) > 0, it follows that f(x) is not absolutely continuous. 
I am grateful to Dr. Н. M, Sengupta for his kind help in the preparation of this 


paper. 
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ON COMPRESSIONAL WAVES IN THE DIRECTION OF 
THE AXIS OF A CYLINDRICAL HOLE IN AN 
ANISOTROPIC MEDIUM HAVING 
HEXAGONAL SYMMETRY 


| By 


Saxt1 КАМТА CmaxZasonTy, Calcutta, 


(Received March 21, 1958) 


Introduction, Biot (1952) investigated the possibility and nature of compressional 
waves in an isotropic elastic medium having a circular cylindrica! hole init. The exis- 
_ tence of such waves when the hole is situated in an anisotropie medium with hexagonal 
symmetry has been examined in this paper. 


Formulation of the Problem. In cylindrical coordinates т, 0, e, the strain-energy 
function W is | 


9 2 2 `2 2 
W = $ C, (в. + 66) + Е Cos Ces + СЕЕ 666) Gar + C581 660 Theil re + tea C13) 676 (1) 


The stress equations of motion in cylindrical coordinates in the absence of body 
forces are i 








arr ios p 9r | rr- 08  O'u, 





— + A bor Im 
Өт 50 ' 8s T ар 
д8 1 808 Əz 9 | cu; 
— + = —— — —— = Я 
т Ө Эн т = СӨР (2) 


Ore | 1 80s | 925 үте _ ©з 
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Uy, Ше, Us being the displacement components. 


We shall consider a compressional wave propagating in the direction of the axis of 
cylindrical hole r = a. We therefore seek solutions of equation (2) of the type 


[ur uo, Us]  [ AK, (qr) cos ylz —ct), 0, ВЕ, (дү) sin y(2—ct)] 


where K,(qyr), Kalgyr), are modified Bessel functions of second kind of orders one and 
zero respectively, с ів the phase-velocity, Values of и, Му, и, in equation (8) satisfy the 
equations of motion provided А and B satisfy the equations 


(4) 


A(e1,9* + сс — 0,1) - Bq(o,, + C44) =0 | 


. B(e,,9* + gc? — cs) + Ад (с: +¢,,) = 0 
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from which, on elimination of A:B, we obtain 





qt- el 011053 — 0C (C15 044) — 0%,» — 2033044 E (644 — 00") (Cas —оо?) = 0 (5) 


C11044 C11044 


И di 498 be the roots of this equation (5), we take as general solution 
и, = (AK, (qyyr) + Аз К, (qayr)} cos 4(2 — оў), | | 
ug = 0 f 


© 2 2 2 3 
u, =f 4, CMA CO — ош кп уу Ay Pu 8 Cas К (али) Juin ас 
x | у G1 (O13 + 044) as ^ Qa(eus + Caa) D ) * 


Phase Velocity Equation. In order tnat tho surface of the cylindrical hole may be 
stressfree, we must have 


т = 0 on the surface т = а | 
ro = 0 EE" f (7) 
тв = 0 ” | э | 


In order that stresses obtained from (6) may satisfy the boundary conditions (7), 16 
is found that the phase velocity с satisfies the equation 


(Cis + Cas) (Cra — 611) (98 = qi) т 
1K 
di Eun Нес? 70,2014 — С 164491 01193 + go? + 0,5] 
1K _ . 
mi ER [{(ec? = C43)C 13 — 6116449 C2391 + ec! + €33]] =0 (8) 


Equations (5) & (8) when simultaneously solved determine the phase velocity of 
the wave. Equation (8) shows that phase velocity c depends on wave length (= 2л/ү) of 
the wave, and therefore wave exhibits dispersion. 


In the short wave length extreme, i.o. when the wave length 2л/ү is small 


compared to the radius of the hole, on using the asymptotic expansion of K,(aqy), namely, 


+ 
к,ат) в 497 сов (n agq) [14 ...] 


for large value of aqy, the equation (8) reduces to 


n [10002 — O44) C13 — 63104401] {01193 +00 + сз] 
1 


- Це" —0,441)015 7 € са Но +907 +с,4}] = 0 (9) 
П 


9—9011 P—f 
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which when solved with the values of elastic constants ns given by Voigt (Love Art 113) 
we obtain the value 
с = 0'90/ са [о 
It is to be noted that in the isotropic case, on utilising the additional relations 
among elastic constants, namely, 
0,4 = б, Cir = Саз = Cyg F 20,4, 
we huve я 7 
11 = 1—0 [о?, qs = 1 с/в, 
a, B being velocities of compressional and equivoluminal waves respectively and then 
equation (8) reduces to that obtained by Biot (1952), 
I wish to thank Prof. B. Sen for his valuable guidance in this paper, 
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ON SETS UNDER CERTAIN TRANSFORMATIONS 


Br 
В. К, Lammi, Calcutta 


(Receited—March 16, 1959) 


Kestelman (1947) considered the following problem, Let E be a веі of real numbers 
end {An} be any null sequence (i.e., 440 ав поо). Does there exist a single real 
number £ such that E+ A,CE for all large n? If there is, then he says that {A,} ‘belongs’ 
to E. If the reb E be such that every null sequence belongs to E, then he says that 
Е is universal and writes Héu. Now, every interval is certainly universal. He then 
sets out to discuss how much of an interval may be thrown out so that the remainder 
may still remain universal. He proves that і! а set is universal then its distance set 
fills a continuum. But the converse is not necessarily true. This tekos us to the very 
interesting result of Steinhaus (1920), viz. that the distance set of a set of positive interior 
measure fills a continuum 0<2<8 where 5( > 0) is a suitable positive number. Kestelman 
then sets out to generalize the results to a set E of positive interior measure in 
n-dimensional Euclidean space E, and since every set of positive interior measure contains 
a closed set of positive measure, he chooses to confine his discussion to closed sets of 
positive meagure. 


Among other results he has shown in his main theorem thal if C is a closed bounded 
set of positive measuro in Ё, and р be any positive integer, then there exists a positive 
number ё (depending on p and the measure of C) such that if А,, Аз,...Ар are апу vector 
in Е, whose lengths |A,| satisfy the relations |A,|<(8, т = 1, 2, ..p; then it is always 
possible to find a closed set С, СС of positive measure having the property that if £€C, 
_ then €+A,€C, т = 1, 2,,..p*, He has further shown that if {vn} be any null sequence of 
vectors, then there exists a subsequence {un} of {va} which belongs to С and he has proved 
that all null sequences which converges fast enough belongs to C. 


Now, let C be any set in E, and let T denote any general linear transformatión of 

tho form: 
" * 
g^ m 042) - @,»ь [1 = 1, 2,... n. 

we shall denot by ТО the set of points of E, which are the transformed points of C 
under Т. | | 

Now, if T,(r = 1, 2,...p) denote the transformation of translation, vis., 

a, = map i=1, 2n 


*For n = 1, Р = 1, this implies Steinhaus's result. 
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then we see from the above considerations that Prof, Kestelman, in fact, proved that if C 
is any bounded closed set of positive measure in Ев, then there exists a positive number à 
(depending on p and the measure of C) such thatit A, = (a,",...a,7) r = 1, 2,...p are 
vectors in E, satisfying ЈА, | < 6, then the set 
C(T,O)(T,C)...(T,C) = X (say) 

is a bounded closed set of positive measure. 

In a previous paper (Lahiri, 1059) I proved a number of results similar to those of 
Kestelman by considering the transformations T, in the following manner 

те = ba, tal, 2,0 

where b (0) satisfy certain conditions and, in particular, ib has.been shown thatif C is 
a closed bounded set of posibive measure in Е», then under certain conditions on the 
elements b, of T,, the set X as defined above form a closed set of positive measure. 


From the above discussions it seems reasonable for us to enquire whether the seb. X 
ав considered above form a closed set of positive measure if T,(r = 1, 2,...p) denotes any 
general linear transformation of the form 


Т п 
т т ` 
r= s 003+ lnno 1 = 142,..n 
=1 


where we assume that the determinant of the transformation viz., 


Р, = |а" wa 


As nn 
is different from zero and а"; satisfy certain conditions. 

Here, Их = (2,,...2,) ів any point then we denote by z' the transformed point of æ. 
Since D,3-0, there exists a one-one correspondence between C and 7,0 such that any point- 
х of C corresponds uniquely to в point x’ of T,C under T, and any 2’ of T,C corresponds 
uniquely to v of C under T,~?. _ 

In this connection we recall a well-known result. If C denote any set in En and Т 
any пеат transformation, then it is known that (Caratheodory. C., 1948) 

m*(TC) = | D | m*(C) 


and my(TC) = |р тс) | ~ 


where | D | is the absolute value of the determinant of the transformation and m*(X), 
my(X) denote the Lebesgue exterior and interior measue of X. Во, if C is Lebesgue 
measurable, then ТО is also so and ` 
| m{TC) = |D | m(C) 
We shall henceferth understand by the term ‘measure of asot’ its Lebesgue 


mefeure. 





n 


ON SETS UNDER CERTAIN TRANSFORMATIONS 147 


In this paper we obtain generalisations of some of the results of Prof. Kestelman 
taking for tho transformation T, (with suitable restrictions) any linear transformation . 
with non-zero determinant aud we present our resulis in the form of the following 
theorems : 


Theorem 4. Let C be a bounded closed set of positive measure in E, and p be any 
positive integer. Then we can find а positive number M and a number 8( > 0) depending 
on p and the measure of C such that if T, — 1, 2,...p are any linear transformations 
given by ` 


=3 a" qty а”. [RET i= 1, 2,..m 


= $ i А 
where Iaa yK it —— = 
says (М +1)» y dg 


8 T 
Omen беттүү, ТЇЇ 


with non-sero determinants, then the set of points æ such that 


x€C and T, ZEC, (т Es 1, 2,...р) 


form a closed set of positive measure. 
° 


Proof, Since C is bounded, there exists a sphere of radius, вау M containing C. 
Now, le& U be an open set containing C and itself contained in the sphere of radius M 
satisfying the relation Н 


2p—1 


m(U) —m(C) < m(C) Bp(p +1) 


(1) 
m(S) denote the Lebesgue measure of a measurable seb S, and if 8(>0) be the distance 
of С and U' [Complement of 0], then we may easily choose the open set U in sucha 
manner that 


1. 


1 
т (2) 


Now, а point £ of О transforms to a point & under the transformation T,. The set 
of £"s constitute a closed set C,, say whose measure is given by 


m(C,) = |0, |_m(C 


“where | D, | denotes the absolute value of the determinant of the transformation p, 
Since D,+0, т = 1, 2,...р the measure of C, is positive, 


Now, if X’ is the corresponding point of a point X of C under Т, then ‘from the 
acnditions on the elements a*, it follows that 


[X'-X|«8 
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(2—0 | denote the distance between т and y) 


So, - C,cU for r=1, 2,...p 
Now, D, = | at,...a7. | 
Apiso n 


16 eun be easily seen that under the conditions ou the elements ay 


D, >1- Зара, elijo 


where the summation contains in| terms. 


Again, one can easily verify that any term 


0j 0, gu 


of the above summation satisfy the relation 


аца а < (1 + : |» жы се ? 
а. Td, (M +1)n (M + l)n у (М +1)» : 
А a è ee Te M 
о; аа ш (М+1)п»/ ` (M+1)?n? 
>1-2".n [6 


1 
TES 9 
> 1 5p from (2) 


So, (07) «| D, | m (C) >(1- 55)" (© >0 
for T—1,2,..p 
l 
Ncw, let Y denote the set €,0,0,...09, C, = C 
p 
Then Y=30, 
т=0 
p 
= U- У(0-0,) 
p 
There’ore т(У)> т(0)- 2 {m(U) —m(C,)t 
1 
> m(U)—(p+1){m(U) ( О} 


Again, from (1) mU) m(1-5) «TO 
. | 
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= m(C) 
So, | m(Y) > (0) – (p+ Loi 


= m(U)—-m(C) 0 


Hence the set of points x common to the sets C, C,, C4,...Cy form a set of positive 
measure. 


Now, since each О; is closed, во Y is closed and if z€Y, then 
LEO,, C,,... O,, с 
and “€C, implies Тео 
Bo, Y is the set of points wilh the required property. This proves the theorem 
Theorem 2. Let C be a closed set of positive measure contained in an open sphere 


of radius, say М т the n-dimensional Euclidean space and let Ts, denote the linear 
transformation | 


n 
т т = 
x, = чуна, nti, t=1, 2.0 


with non zero determinant where the elements а", satisfy the relations 


. d sudo Me ceci ein 


2(M+1)n’ 


Mer rd Кз 
= ди F 


Then, if {M}, A, > 0 be any null sequence, there existe а sub-saquence {А.р of ue 
and a point X of О such that | uf 
Ту ХЕ0, r21,2,. 


Proof. Since C is a closed sel of positive measure, we get from Theorom 1 chat 
there exists a positive integer m, sach that rf Ds i8 the corresponding transformaticn, 


then the set of points X such that 
XEO and T;'Xec 
form a closed set of positive measure. Let-us denote this set by Cy. 
Бо, | 0,c0, 0, = Cy, m(0,) >0 
Again, since C, is a closed set of positive measure, we can find a positive integer 
n,(>n,) such that the set of points X such that 
XEO, and Ti, X€C, 


form a closed set of positive measure. Let this set be denoted by C,. 
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Be, U,<C,cC, б, = Ca, m(0,) >0 
We again apply the same procedure on C, and obtair a set C, with the Dope that 
0,c0,c0,c 0, б, = 0,, m(0,) > 0 Ў 
and C, is the set of points X such that | | 
XEO, nnd т, X€C, 
This process is continued indefinitely. 
So, we obtain sets C,, C,, C,,... such that 
C2C,25C,20,2... 
and а sequence of positive integers fn,} such that 
Ам, > Аа, > AN >... 


Since all the sets C, are closed and non-empty, so the product is non-empty and во 


à ; 
. there exists at least one point ХЄП С}, 0, = С 
ї=0 


Now, ` XO, implies T; X€6, cC 
tor | red, Qn 
Hence there exists a point X€C such that 
Ty XEC, Ta X€C,...Th, Xe0,... 
This proves the theorem. 


Theorem 8. Let C be a closed set of positive measure contained in an open sphere 
of radius, say M in the n-dimensional Euclidean space. Then we can find a positive null 
sequence {ur} such that if {8,} be any null sequence satisfying $ 


: 1 
0 « 8, < min e: 
and Ts, ta the linear tranaformatfon 


n" 
T T 
ay = m aut EO een 1= 1, 2, 


with non-zero determinant where 


8 "T" 
fom b oe = 
бы Фу кту, 507] 


СЕТЕ бу a шы 
“uae Р 
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then the set of points X such that 
ХЄС and T;'X€C, r= 1, 2,... 


form a closed set of positive measure. 


Proof, As shown in Kestelman’s paper (1947), we can define a sequence of open 
sets fu,] such thet 


Р 


U;SU,2U,.; C= ILU, 
rel 
m(C) 


and 3 (mU) - m (0) < р 





(4) 


Let py (2-0) be the distance between C and И”, [Complement of U,]. Then 
evidently {u} is a positive null sequence. We choose the number 8, (> 0) to be less than 


the lesser of the numbers a, and Then; obviously {ð} is also в positive null 


1 
sequence, Гог each à, we consider the corresponding transformation Ту. Let О, be the 
set of points which are the transform cf the points of О unde: the transformation Ty. 
i.e., 0, = T.C 

Now, it can be easily shown as in Theorem 1 that O, cU, for every т. 
e A point X of C transforms under Ть, to a point X’ of C, such that 
[x= X] <ô, < Hr 


Let Z = 0,0,0,...0,... 
Then, if 2 
£€C,, EECa, Є0,,...—60,,... 
i.e, Ts. £€C, Tz CEC, Ts, !£€O,... T; £€0,,. 
and |£- T" £[ <8, 
Бо, I4 Тв = ё | v 86,0. 


Since C is olosed, во £€C. 
Hence Z is the set of points £ of C such that 
Ty £€C, Ts, £O,... TR £€0,... 


Again, since each C, is closed, so Z ia closed, So, we are only to show that the 
measure of Z is positive. ° 


Now, Z = C,C,0,... 


ll 


= U,- x (U,-C) 


US uU EU) 
= C-X(U,— 0); 


ll 


3—9011P—4 
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Therefore m(Z)z-m(0) — X [m(U,) — m(0,)) 


Now, we can easily show following the method as adopted ш the proof of Theorem 
1 that if О», denote the determinant of the transformation Ts, then 


Dy, > 1-8,(2".n1) 
>1-, re, 2, 








or 
Bo ' m(0,) = Рато) > m(0)- 08 
and therefore m(U,) – m(C,) < m(U,)—m(0) - grat? 
Therefore | m(Z) > т(0) – 3 (U,) -т(С) + "ү 


= MO xim.) ИС} 
> 0 from (4). 
Hence Z is the set of points with the required property. This proves the theorem, 


The results of the theorems 2 and 8 will hold true even if by Т, we mean any parti- 
cular linear transformation of the whole class of transformations given by Ы 


n к 
а; = 2 ona + ai, ato Ё= 1, Qt 
= 


5, 


| 1+——*"._, isj 
where Laa < CEN i=j | 


т. 5, р: 
osas up. UH 

Now, let S be any set of points in the n-demensional Euclidean space and {8,} be 
any positive null sequence. Then one may enquire whether itis always possible to find 
a point Ё such that 


T; tes for all large r. 
As observed by Kestelman if S be an open interval, then such a & exists, In fact 


every point é of 8 has this property, since |&-—Т;.1 | < èr 


Now, ifaset Shas the property that for any null sequence [8,], we can find a 
point € such that 
T;1£€8 
for all large r, then we say that S possesses the property P and, in notation, we write SEP. 


So, intervals possess the properly P. We now enquire, after Kestelman, what sets 
may be removed from an interval such that the remaining set still possesses the property P, 
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Here also we prove results parallel to those of Kestelman’s, viz that if I be an 
interval and Z a subset of I, then Т—76ЄР, if (a) Z is of measure zero, (b) Z ig a set of the 
first category. 


Theorem 4. Let I be an open interval in E, and Z be any subset of I of measure 
sero, Then for any positive null sequence {8,}, we can find a point È such that 
Tri€el-Z forall large т, 
Proof. Let С, = T,Z, then m (C,) = 0 


с 
Again, let X2IXC, 
Tel 
Since the measure of each C, 18 zero, во the measure of X ig zero, 
Now, let 1-Х 
i.e., ECI, Enot €C,, Cy, C,,..., ... 
i.e., Ty,*€ not EZ, Tg’ not €Z, T£ not €Z,... 
Since СЕТ and |Т;гф—ё|<%, 
во Т-1061-2 for all large т. 


Consequently, it has been proved also that for almost all points £ of I, Tiuel-2 
for all large Т. 


we may likewise prove the 


Theorem 8. Let I be an open intervalin E, and ZCI be any set of the first 


category. Then for any positive null sequence {8,} it is possible to find a residual set 
RGI auch that for any point ER 


т lS ats for all large т. 
If in the above theorems we consider the transformations in such a manner that 
а= 1 for i-j 
a^; = 0 for р 1+1 
= 
(M+1}n’ 


then the above results coincide with the corresponding results of Prof, Kestelman. 


0<а atl < 


In conclusion, I cffer my sincere gratitude to Dr. H. M, Sengupta for his kind 
help in the preparation of the paper. 
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SOME PROBLEMS OF PLANE STRESS IN AN 
AEOLOTROPIC CIRCULAR .DISK 


By 
О. A, Suastri, Hyderabad, Deccan. 


(Communicated by Dr, D. М. Mitra—Receiwed March 17, 1958.) 


Introduction. The problem of finding stresses in an aeolobropie circular disk have 
been investigated by several authors, (Н. Е. Cleaves, 1955, А. M. Sen Gupta, 1049) 
An approximate solution has been obtained (Love, pp. 147-148) in the case'of a thin 
disk of thickness 21 by treating the problem „в опе of plane stress. Ifthe disk has no 


circular axle-hole the solution satisfies #2 = 0 rz = 0 and / тт Па = 0 for т = а.. Also 


-l 


the displacements U and w vanish at the origin. (т = 0, « = 0) When there isa 
oircular axle-hole of radius b the solution satisfies the equations 28 = 0, 78 = 0 and 


T. 
f тт dg = 0 when г = в and r = b. 
-1 Е ' 


In this paper general expressions for the displacements and stress components both 
for the aeolotropic and hexagonally aeolotropic circular disk are obtained, By giving 
suitable values to the elastic constants solutions given ın Love (1952, pp. 147-148) håve 
been deduced as particular cases. 


In cylindrical co-ordinates (r, 9, 2) the stress-strain relations can be taken in the form 


“~~ — — 
(тт, 68, 88) = (611, Cig Суз) (Opps бов, 0:5) 
C31, Сад, бов 
031» бэлу Css (1) 


0s E Caa0 6p та = 550, r0 = Своб 


and c, = Cer which is the condition for the existence of the strain-energy-function. The 
conditions that the displacements may take place in planes through an axis be the same 
in all such planes would be expressed by the equations 

Өш, 0, ёш 
96- ' 36 
where Up, Ug, ч; are the displacements, Let и, = U and ш, = ш. Then the strain- 
components are given by 


ив = 0, 


_ 0 _U Өш 
Or, = "er » 000 = P MEC SI 
(2) 
gU 
On = — › Ore = 063 = 0 
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The stress-equations in cylindrical coordinates are given by (Love, 1952, pp. 90 ) 


Orr | 1 876 arð + 978 Tr— 00 _ 





or OO Oe or б 

д8 17900, Gs w0 

s pae mv >. 

— — ~~ | 
р Әта, 1 O0s | Gaz | 

Ru. барс c euim. | 

Sr T т 88 + 58 я e (fa Р,) J 


For plane stress we must have 23 = 0, 18 = 0, Е, = 0. We have to put fr 


= – От 


where © is the angular velocity of the disk, The last two equations of (д) are identically 


satisfied. The first equation takes the form 
om, HO 


C = — (er 
ат e 





from the conditions zs = 0, — 0 we deduce 


U U 
C33 32 = - (os pe +в), u = ey 


or r Әт Oz 
substituting 21 
. "= о. 20 ELE 


66 = = с, 90 Kies +0 — 


Or Os 
in (4) we obtain the following differential equation, 
p? U | Әй : (oc 
ori HR (0110557 0713) 


where 
з (655054 — C743) 


(64,054 — 0%) 


The eomplete solution of (7) ia given by 


OF ec 
U = Ar + Вт — — M dL 
(04,054 — 0*,,) — (055033 — 03а) 


We impose the condition that (U, w) vanish at the ог ‘ріп (r= = 0, 8 = = 0). 


case we take В = 0 and the equation (8) reduces to 
О = Are+Bré 

where РИ 270045 | 
B(C 41654-0713) (05055 — 0729) 





: (8) 


6) 


In this 


(9) 
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substituting equation (0) in (5) we find 


C T = LAmr-24 Mr (10) 


gU 
g? 
where { ‚ 
L =I lsat 05) м — 2B (802, + Cas) 
Оза Css 
Hence we take U in the form 
U = Ar + Вит + (Ата + Mr) 2? (11) 


The constant of integration A can be easily determined by using the relation 


н 


тт аз = 0 when т = а. (12) 
-1 
Also 
D oU U 
= тш, N= 18 
тт = № +N’ (18) 
where 


0,4044 — 02 Cial 77 6146 
N = (Cu 33 1з) № (бз 33 13 sa) 


Css с 


with the help of (11) (19) (18) we obtain 


6B/8BN--N)a-M(N4N)B — 1 


xm G(aN +N’)a? + LsN - N' 2А) a 





4) 


Hence we have 


- Us Ат ^+ De (вин +52) 








ш = = Anc (Bit он “аз -E rto Cga — 203,)8? (15) 
33 


Hu Bee ( Bon 3 - Capt Cas je 
6 


C33 C33 


From these equations we deduce the following expressions for the atress-components 


~ 


rr, 66 in the form 


n= Ari +N’) + pat ЦыМ 4N'— 2x) + B’r*(BN +N!) ММ +N’) | 
(16) 


ES 


68 = A [r2 ам) + Sate WAN" + oN -av] + B’r°(BN’ аз) - 3Ms*(N' + 03N) | 


Na 
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2. When there is a circular axle-hole of radius b we aave the additional condition 
41 
f Trdz = 0 forr = b, In this case we take U ın the form 
M 


U = Arc Вт-• B^? (17) 


where A and B are constants of integration, Using the equations #8 = 0, ra = 0 we find 


S= LAr-3 4 Mr4 QBr- 6*2 (18) 
where Q = («+1 (Car — оз) 
Css 
from (17) and (18) we have 
U = Ат + Broe + Bh? + (LAr? + Mr t+ 9 Вт-(6+2)) вз (19) 


Using (18) (19) and Í (dg =Ofor г=а and r= b, we obtain after a little 


ч 
simplification the following equations from which the values of А and В can be obtained. 


Ap, t Bp, tp, = 0 
(20) 
е Аа. + Ва. +9: = 0 
where p, = bae- о N + №) + La*-?(«N + N' —9N)U? 
р. = ба- (e D (№ — aN) + Qa- (BN ^-gN— —9N)* 
p, = 6B'a*(8N + №) + M(N + NYP 
(21) 


q, = 66-1090 + №) + Lb*-8(aN № — 21) 
= b-GtD(N' aN) + Qb- &*9(N! —9N —2QN)13 
qd, = 6B'b*(3N + №)-+ M(N+ №) | 
The stress-com ponents tr and 66 are given by 
rr = Ате а№ + №) + Br- GHX(N' — aN) + B (BN +N’) 
+ [РАВ (а М + N’—2N) + MUN +N’) + QBr- *9(N' -oN -2N ] 2? 
90 = А-а (а М + N’) + Вт (+100 (9 №) + B? (М +8N’) 
[LAT *(a?N + «N' —2N) + M(N + №) + QBr- +9 (ам фо № ӘМ) (99) 
The displacement w is given by 
бууш = – [41*71(805, + 0,4) + Вт (*U(e,, — a0,,) + B'r(8e,, +52) 1% 


БАН о, + 055 — 2€3,) +М(о,, + 0:3) + QBr- ет — 9053, —2e,)]2 (28) 
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8. Writing — 6.042 Cay = (A+Qu) and сү, = 05, = Cpa = Àp O 
we find 
L=0, Q@=0,'a=1. N= 2h № = 260, 
1-с 1-с 
О? р 2 == 
M =— © В’ = ell 7e and E = 2u(1 +0) 


2u 164. 





go 


Pi = (+, P2 — Ly , Рэ. = -JQ ga" (8 +c) ноте (19) 





] 
q, = 19 22°) q=- E, q = -ja'eb^(9 о) - aee (Те) | 
The value of A given by (14) reduces to 


020(1 – с)(8 + o)a? u gc (1 + o)l? 
8E 8E 


and the displacements and the stress components are now given by 


A= 


_ Q*er(1—o) 27, Qor 1. 0,2 
U= sg Bror (1+ o)r*] += aE o{1+o)(1? — 82*) 


we - E Psp oja —-2(0 ejr] — -tto (129) — 22) 
—с 


Z5 _ Qo oxi. 11, Q'ocf1ct oV n.a 
j= Sf [оја ево + Pee (ite) 382) 


solving the equations (20) and using (24) we find 


O'e(l-c)8-toye*-b*) , дю | 


А = 
8E ` 6E 





z 020(1 + с)(8 + o)a?b? 
and zi = 


In this case the displacements are given by 


Quer. sac уз] Dern — 82?) (1+0) 


8 


ОЗ o урау (1+9)а26з 
+ ag (В+) (1 ob? + toe | 


A 


А+) 


(25) 


(26) 


(27) 


(29) 
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Q*oz 3 (^os Gs хе) О?ое (8 + с)Б 3 
E —9 2 2 (12 33) — 
№ B e [(8 + о)а (l+o)r?] – Зв с ЕЕ — +?) USB = 


The stress components are given by 


Tz. M e o? a?b* 
rr = ЭЁ Genie cr + VOL + m)m aene es (i s) 


— 2 b? 
66 + €? [B+ aja - (1 Boys] + eita). aee бе, ВИ 
8 6 Moo \ т? 
These results agree with the results given m Love (1952, pp. 148). 
In саве of curvilinear aeolotropy we write 
€,, = di, 044 = Css = 4, бу, = Cay = 04, = 03 = d, 
Саз = ©; = d, ete, 
For hexagonally aeolotropic disk we have 


.& om], L-0,Q020 











: 
M =- NM, p, UNN’), р, = тез 
р, =- ы (8N + №) – oe . Е (N + №), (89) 
а. = 680+ №), 9, = н N) 
us 99 (GN +N’) – oe D (N 4 NDI, | 
ree = NN. [een + Na? + + EuN +], (88) 


The displacements and stress components are expressed by the following equations. 


| \ 
U = (aE) вт 


(84) 


wm 2 (Agp E +9В'* а) 


Cis 


$ 2011P—4 * 
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— 


Ма ГА ГА Ў" x \ 

"= (А+ ENNEN’) + (8N +М)В' т | 
(55) 
89 = (4+ М ум) + вв 


where А, B', М, М, № are given by (82) and (88) 


‚ For в circular disk having a circular axle-hole the constants A and B are détermined 
from (20). Also рь qili = 1, 2, 8) are given by (82) 


А = gare HON (at +b) Sa m] 
6N(N + №) Cys 
a Oe gN N’)a*b? 86 
oNN -Ny ON t (65) 
The displacements and the Btress Components are given by 
U = (A+ 4M2*)r+ В'т? + В [т 
| . (87) 
w = —2¢,,/0,,(Az+ 2B +4M2°) 
лт = (N+N’)(A + 3M2?) + B'P (BN ++ N^) + B[r*(N' —N) | 4в8) 
8 
00 = (N + №) (А + Ма?) + B’r?(N+8N’) + B[r'(N — №) 


In conclusion I wish to express my thanks to Prof, В, В, Beth and Dr. D. N. Mitra 
ier as helpful criticisms. 


І also thank Prof. Ansari, Principal, for his ТОТО! 
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NOTE ON THE TORSION’ OF CURVED RODS 
COMPOSED OF ANISOTROPIC. MATERIAL 
WITH OVAL SECTIONS 


By 
A. Cnaxnavonrt, Calcutta. 


(Received—July 81, 1959) 


Abstract. Stresses and displacements associated with the twist of curved норе rode jaune 
sections of oval type are obtained in this note. 4 > 


Introduction, The problem of finding stresses in helical springs of isotropic material 
with rings of oval sections has been solved by Michell (1900) and Shepherd (1950). An 
attempt has been made by the author in this note to solve the same problem when the 
beam is composed of cylindrieally aeolotropic material. 

Nomenolature, ара = elastic constants.” (ара = адр). 
т, 0, в = cylindrical coordinates. 
Up, Uj, Ug = displacements,’ 
Opp, 069, see Bon, see = Strain components, 
Tyr) Те, «a+ Tory eee = Stress components. 
Solution of the problem. Assuming that all stress components except ту and те,” 


vanish and ту and ту» are functions of 7 and 2 only, we get the equation of equilibrium in 
the form 


Org Ores Tra 
Orw „©те оте = 0 11 
Or [74 т | (1.4) 


In the case of cylindrical anisotropy the stress strain relations [Love (1952)] are 


given by 


| 6, Gi Gis а,» Ттт 
вы = @ 1 Ogg aes Toe 
Onn as, Gas Ags Тая 


810 = Фати, бөк = Чут and Cry = авт. 


- With our previous ‘assumptions regarding stress components we dedus that в and 
ез, are independent of 0 and the remaining strain components vanish, 
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The compatibility equations stand thus 


ра _ дењ ү La] =0 (1.9) 
Әг Әз ar T 
S| =(re 4]- S( Spe + В) = 0 (1.8) 
or Oe\ Or т 
Тһе equation (1.1) is satisfied if we assume 
_ 189 =- 4 OF (1.4 
Tr = D and Тез = 7 Ər . ) 
"where 9 is a function of r and only. 
2044 09 ‚ ___ das OF 
Then we have ey = Эз and eg —— rs a 


Substituting these values in (1.2) and (1.8) we get 


B[ Me 4 C2] «o 
Ө? т Әт a, 9 





Of Oe _ 899, tu er о 
Oel Or? т Or as Әг 
Hence we deduce Әф 8 Әр, a, Ә% Е 


E = 3 1.5 
ег" a. ба constant (1.5) 





If P be a point on the boundary of а cross-section of the rod and (1, m) are direction 
cosines of outward drawn normal to the boundary nt this point, referred to axes of т and 
2 respectively, then at this point. 


[т + my. = 0 (1.6) 


Substituting in (1.6) the values of 7, and тө, given in (1.4) we obtain 


9 9 ) 9$ 
~ -т- jo = 0 шш 
(1 я ma ф =0 ог Эв 0 


where ds 1s an element of arc of the boundary ol the cross section, Therefore ¢ = constant 
on the boundary, Without any loss of generality we take 


9 = 0... (1.7) 
on the boundary since the constant term does not affect the stresses, 


If we suppose that the boundary of the cross-section of the beam intersects the 
plane z = О at r = Ва, we may take in the present case 


$ фа (Еа аја та, + Kye? +6 ыда (2.1) 


where F, K, K, aie constants, 
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$ as assumed ір (2.1) will satisfy differential equation (1.5). Therefore p = 0 may be taken 
to be the boundary of tho cross-section. The parameters К, and К, appearing in the right 
hand side of (2.1) may be suitably chosen so as t» obtain different forms of cross-section 
given by the equation 9 = 0, 


If the cross-section be circular m form then the greatest width occurs ab г = В, 
2 = +a. Hence if = 0 represents the boundary of cross section, then 





Фф = 2 == 0 where r= R and z= +a, (2.2) 
From these conditions we get 
n 3 
К, = uw —8(1+ 2п)Е (2.8) 
Е, = ао + On) R* — 2(3-& и) Ra? (2.4) 
where n stands for -25 , е 
s 
The equation of the boundary then becomes 
e. 
б Рта jr? - (E — a) (R + a)? т —a* ~ 272 + 6(1+2п) E? | (2.5) 


I2nr* + a* + 4(4 + 9n) R*—4(2+ Bn)a? E? 


The substitution г = В +æ transfers the origin to the centre of the cross-section 
and the distance e of а point on the boundary from the centre is given by e* = z? +27. 


Putting т = R +v in (2.5) we have — 2! = 0—2" 


(2R+2+a)(2R+2~a)(a?—-27){-a?-4Rae—2e7+4(1+3n)R*} __ 
(16 + 48n) R* + 48n Бэт + 72n Еа? — 4(2 + Зп) Ва? + 48n Rz? + 19nz* + at 





Again a3 ой = (a? mg?) — (g? —2*) = (a? — xt) g? 


a? (a? — 2?) (0n. + 20) R5 + (48n + 12) Ræ + (12n + )z* — а*} 
(18 3 48n)R* + 48n Rz + 12n Ri — 2 + 9n) Ra" + 48n Ra? + I2nz* + at 





5 8(1—з)ж , (9+15)а#+(2—"78п}ш%_ Өп(1—п) a? ] 
zx Р taa AD T „+ * 
en La ДТ 4 Bnj RS P (16 + 48n) Д“ 4(13-8n)* m^ (2.6) 


Equation (2.6) shows that the boundary (2.6) fits the circle a” =4 +2" at the four 
points whose # and z coordmates are (0,—a), (0, +а), (а, C) ава (—a, 0). It may also 
be noted from (2.6) that when В is large in comparison to т the boundary (25) is 
approximately circular in form, 
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+ The stresses are given by (1.4) 


T Я . 22 NS 
= = 24пат* + = la’ + (16 86n)R* — 4(2 + Зп) а?) (2.7) 
ти = — 4nz'r- 127 — 4г{3а* + (10 + 120) Езу (74120) Rt 

T 


+3(1+4n)a*R*} (2-8) 
Tho resultant ofthe stresses acting on a cross seotion of the rod is equal to a force 

P acting aleng the axis of the rod. 
Thorofore Pe f f. . (3.9) 


integration being taken over the entire cross section. 
Since the boundary given by equation (2.5) is nearly a circle (x!--2* = a’), a 
negligible error occurs if the integral (2.9' is taken over the circle s? +z? = a’, 
Proceeding in the this manner we obtain 
P = gF[8(7 + 12n)R* + 4(12n — 1)a? E? —8(4п + 1)a*E -8(R?—a*)t x 
{(7 +12n)R* + 8(1 + 4n)a? R?]]- -(approximately), | 


Now expanding in powers of Е we get , 


= = 16(1+ зп). + (18 +86п) +80) $ + 59 + 1560n i г (2,9) 
Thus the constant F is found out if P be known. 
At the point 2 = 0, r= —@, те = О and Tos ів maximum. 
Hence we obtain | 
loose: = 82(1 4-8n)aR? + 82(2 + 8n)a*R +8(5 + 1ана? (1 - E ) (2.10) 


When n=! the material is isotropic and the results (2,6), (2.9) and (2.10) agree with 
those obtained by Shepherd (1950), Now ею = аат, and вв, = 45576, and all other strain 
components vanish. Then from strain displacement relations we obtain 


Qu, КЕ Өш um 0 Ou, ER 0 бш, ди, - | 
8r = 0, 59 Tu. ' Z P Or E | 
t (8) 
Ou, | 1 Ou, B 
Lu T i s = 244716 and Gm * r 96 = а5579в | 


Equations (3.1) are satisfied if we assume 
Up = 0, и, = 49 and us = v(r,z) . (8.2 


where А is a constant and У is в junction to be determined. | 
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Therefore from (2,7), (2.8), (8.1) and (8.2) we have 


Куе X = аР 24а + "Eat + 16+ 865) R* — 4(0-+8л)а* |] 6 


8r 
2.4 = as F[ — 462r 1219 — 4+{8а*+ (10+ 122) в} (0-128) R* +301 аа | 
From the above relations we obtain 


Wr, 2) = r| —1бавпг®т + 12аьт®г — 4a, zr(8a* + (10+ 12n) Rt 


= ч fat + (16+ вл)“ — 4(2+8n)a"R*t] 8.5, 


= 


and A/F = a;,[477  12n) R*  12(1-4- 4n)a* R?] +a, [a+ (16 +86n)R*—4(2+ 3n)a*R?] (8.4) 


Thus displacements are found out from (8.2) — (8.4). For oval sections other than 
circular in form assuming that the cross-section intersects the plane 2 = Oat r= E a. 
we take as in (2.1) 


gg = iP (GL - HR + a) -rjr + Kb + Eun + биати (4.1) 


where | п = 255 


Let Ф = 0 give equation of the boundary of the cross section. Assuming the 
maximum width occurs віт = о, 2 = +b(C, D) (as shown in the figure), we have 
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(1) 9-0 when tr=c, 2=+h 


9% 


E om when r—c0,Z:«-b 


(i) 
Condition (4 8) gives 


— jot + A(R? + aio? + 12nb%c? — (R? — и? 
216 LO + a?)j 25 





К, ~ 


From condition (4 2) we obtain 


de? — (Е «(В + a)? с + 12nb*c"[c* — (В — а) ЦЕ + a)? — с?) 





K, = —бис* 
26? {63 — (R? +а*}} 


Thus the parameters К, and К, are obtained in terms of b, c, R and a. 


(4,4) 


(45) 


In conclusion, [ must thank Prof. B. Sen for his kind help in preparation of 


this note 


BRAHMANANDA KESHABCHANDRA SFN LOLLEOGE 
BONHOOGHLY, CALOUTTA 
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NOTE ON FORCED TORSIONAL VIBRATION OF A 
VISCO-ELASTIC CIRCULAR CYLINDER 


By 
S. К. Datta, Calcutta 
(Reoeived— August 1, 1959) 
Some types of forced torsional vibrations of a circular cylinder of visco-elastic 


material have been considered by Thompson (1933), We use the stress-strain relations 
similar to those assumed by him and solve & more complicated type of problem. 


Statement. We take the circular cylinder of radius а to be fixed af one end and 
free at the other which is subjected to an external couple. The material of this cylinder 
is supposed to satisfy the stress-strain relation 

‚9 ‚9 
тд = Qe Sos e (on 2 Jen, (1) 
where 7, is the stress tensor, e, is the strain tensor 
and E = 0, Р] 
=1, i=j; 
А, M, р, p! being material constants. 


Equation. Choosing cylindrical co ordinates with its z-axis along the axis of the 
cylinder and the fixed plane to be the plane z = 0, the components of displacement at any 
point of the cylinder (for pure torsion) 


are и, = 0, us = v(r, 2, t) Us = 0, (2) 
where v ів a function of т, 2, t. As such the components of strain are 
ч Ov v © _ Ov 
Crp = Cop = ви = 0, вв = SE pu Cor = с, вв = 0. 


Then from (1), the components of stress are of the form 


ЦІ 
Tg = Tog = T$ = 0, тр = (ee je т» = (aei Son, та = 0. 


The equations of motion will then take the form 





2n =( ‚9 \/ ev , 10v v 2 ) 9 
ean НАЛ mrt iB sic) (8) 


where о is the density of the material, 
f—9011P—4. 
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Assuming v = rY (e, 1) (2) 
equation (8) becomes 
| 1 9 ) ОИ _ OF y | 
“(+ ) бро (5) 


where c? = ufo, k= џ' |р. For the solution of (5) 
we take V = T sin q«(2), (6) 


where T is а function of f only, and the expression for V satisfies the condition that 
V = Oat the fixed end i.e. a£ 2 = 0. So from (5) and (6), 


dT 


di +e T = 0. (7) 


z 
d нА © c*q?k 


рт 
The solution of (7) is T = 0,6% + D4e*-*, where $5, 8,’ are the roots of the quadratic 
equation in m, namely 
m? Чао mk + пс? = 0, 
The particular integral will be of the form 
v, = Xr sin quz(C46*-* + Dye), (8) 


Suppose the couple applied at the free end of the cylinder has its axis parallel to the 
axis of 2 and its moment to be decreasing exponentially with time. We are to find the 
value of v which will satisfy the equation (8) and the following boundary conditions: 


„8 E] = Qro 
[o els Qrt, 120, а >0 


[2]... = 0, t>0 


KDE- o 


v = 0, t = 0, 021 


Ou 
ap 0.06261 


Solution, Let us assume V =V +, (10) 
where v, stands for the sum of terms as given on the right hand side of (8) and 
v, = Arsin pze7*', (11) 


The first two conditions of (9) will be satisfied if 


Soa « 
p воврИ(и— a) 
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(Qn +1)т 


and сов Gul = 0 1,е. an = 91 , 





n=0, 1, 2,...- 
Further the expression for v, as given in (11) will satisfy equation (8) if 
(iie Syr = guet 
` ot 
or, — p'(p — pa) = оа? 
or E ccm 
2 Р c (ka —1)* 
£0 р will be real if К >> 1/«, 1.6. «> p/n’, The expression for v will then be 


v = rX sin quz(Cs0* + 0,6%) И pes. 67 st, (12) 
п=0 р сов plí u.— p'a) 


The third condition of (9) is then identieally satisfied and from the last two 
conditions of (9) we have 


Ў (n+ Dy) sin q42 = —A sin pz, (18) 
А Ў (enn +в) Bin 4.2 = Aa sin ра, (14) 
ne 
1 1 
From (18), (0. DJ) | sin? 0,242 = —4 f sin pz вір 4,242 
0 0 
(тун: 24p cospl AL 

or, C, D, =(-1) ая) .L (вау). (15) 
Егош (14), 820, +830, = — ÁaL, (16) 


Solving (15) and (16) for Cn, Dn we have 


Gs AL, 38, D= AL att, 


n n 8n — 84 
во v is known completely. 
Since 85, 8, = — 40,202 t (04% – 47.20%), soil 9.2020 <4, 
8, and 8, = —dantoth + hiqnc(4—qn2c7k?)* and they become 
approximately — {4,20% 41020 where qok < д. When gnic7k* > 4, 


8, and 8,’ become approximately —1/k-and — 9,26%. The least effective damping factor 
of the periodic terms under the summation sign in (12) is e "®t, and that of the 
aperiodic terms is 6-!/®, The part of the motion expressed by v, is composed of both 
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periodic and aperiodic parts and this periodic or aperiodic part will survive longest 
according ав х°б*К [81% < or >1/k. It follows then that the periodic part of the motion 
survive longest if s?c*k/8l* << 1/К, for 1/k <a, which is the conditlon for real p. Also 
the aperiodic part will survive more if 1%c?k/8l*>1/k. It can also be seen that in the 


latter case if а 2> 77c*k/8l*, then the part of the motion which was expressed by v, dies 
away earlier than the aperiodic part in v,. 


In conclusion, I wish to express my thanks to Prof. Dr. B. В. Sen for his kind help 
in doing this work, 
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TWO THEOREMS ON MEIJER-TRANSFORM 
Ву 
C. В, L. Verma, Jabalpur 
(Communicated by Dr, М. G. Shabde— Received May +, 1959.) 


1. Introduction. This paper is in continuation of an earlier one (Verma, 1858) by 
the author in which some integrals involving G-Function have been evaluated by making 


use of the Laplace and the Meijer Transforms. 


Results (8.5) and (4.2) derived here are Lelieved to be new. 


Meijer (1941) gave a generalization of the classical Laplace Transform 
fpi p [ e7?*h(z)dz, R(p) > 0 (1.1) 
0 


in the form 
(1.2) 


ep) = pf ecirmtpsy* Wass, (ран) да, R(p)>0 
0 

án which, as ів customary, (р) 18 said to be the image of the original function h(x). (1.2) 

reduces to (1.1) when k = +m by virtue of the identity 


Wirm n(2) = 674842 


We shall denote (1,2) symbolically as 
Ф(0) Ae) 


while (1.1) shall be as usual represented by 
Кр) = h(a) 


2. We start with finding the images of certain functions in the Meijer's {таз sform, 


These shall be required in our investigations that follow. 


Tf in (1.2) we take 
h(a) = agetb-teior, (aa) 


and evaluate the resulting integral [ Erdélyi, (39545), p. 411 (45)], we get 





getk~tei@ VW), (аа) 
т q-Pp-h*t ght (2 ttm, $ т, 1+А+Р \ е ) 
m l'ü£u-X 53 \р ро date +4, 


R(p) > 0, | Riu) |+ | R(m) |< В) +1 
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Similarly (Erdélyi, 1954b) р. 411 (46) and р. 412, (54) and (55) yield 
gpth-te- kW, (шу) 


= а- ep MG s 





#+т,#—д‚,1—А+р ) 
фо, —uctp,kti 


R(pB- a) > 0, | R(g) ] -| R(m) | < R(p) +1 
gr'k-ig- ial y, (а/ж) 


A arp 1 (ap Jaws ) (2.8) 


(2.2) 


" фт, ф-т, 1l+p—p,1—p—p 
R(p) > 0, Ва) > 0 


goeth-tgteltW, „(а |2) 


qe бу (a 
D(5$-Axp) 21 


all? 





І+А, 4—-k-p ) 


itu, з-д, 4+7 0, i—-m-p (2.4) 


[arg a | 97, В(р) 50, ВА +е) <—| Rim) |-1. 


b 


Now taking h(z)z ЖЕНИ „Е, ie :1- =| in (1.2) and making use of the result 


(Sharma, 1958, p. 119} 


a,b 1 5 
143-14-18 p* qq oo 
[= iW, mle) FS [1-1 las 
ЕР Г(о)- Y шй өл. 1-Е+1 ) 
Р. Ti@ro—a)l(e -5)I (5) —8, c—a—b —8, Lem 4! lm 3 


R(p) 2-0, R(L£ m a4-8--3) > 0, Rimt+b+8+4) 0, R(c—a—b) >0 
we obtain 


ghtlts-+ ee? d 1 | 


e 


p I ATY(c) 4,8 E 1—-8—b,l—k-4 
T'(a)I'(c — а) (о — b)T(b) HG —6,0c—a—b —8, l- m t $, —-— @.5) 


R(p) > 0, R(ltm+a+8+4) 50 
R(o—a—b) > 0, Rltm+b+8+4)>0 
Again using the result (Roopnarain 1957, p. 275) 


poss гуу, „($ ) a ( Б p 


= at f tni „23 (аа " (st “+ B 
0 : её Biss Bo c 
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and evaluating the latter integral (Erdély1, 19546, p. 421) we obtain 

9... 4p Vom b +a 

е) ерен gra 5 
(р+а+1) < 2(L- n) 

[arg p/B | < (Ln —$p—3a 73s 


We shall now proceed to obtain our results. 


ptk—m, ptk+m, aay ) (2.6; 
.6) 


-oND В 
i ЕТ (в Breo pt2k 








; Rip +k) < 1-4] R(2m) | + min R(Bj) 
1<)<1 


8. Theorem 1. If Ф(р) = а) 


апа РЗ (р) == fix), 
; +m—k,4—m—k 
then o(p) = psn fol (во eres = Vede (8.1) 





provided the integral is convergent and R(p)>0, R(l—2k) 0, R(l-k+m)>0, 
R(k) >|] Rím) |—{. 
Proof. Bose (1952, p. 91) has proved the following theorem : 


If yip) =: f(0 
š рУв”®®Ё =. g(x, 1) 
and Ө(р) = F(t) 


then, provided the integrals converge and the integral 


f g(a, v)f(x)dæ is convergent, 
0 


© о 
J пиши) (шди = ] (е) (A) 
0 0 
© do 
where G(z) = [ &(v)gz, v). 
0 
Taking Ҹ(р) = p^?***?g(p) 
= f(t) 
and у= 4 and д=—1 we gel g(a, t) = n ttt cog 2 (zt) 
choosing G(p)z&p!" ces?l^W,, „(р/а) 


wo get (Erdélyi, 1954а) p. 204 


aei V fikta pokou р 
To — E) [у at), 


larga| <r Rlr—k)>0; 


F(t) = 
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changing k into k—l+4 and putting с — —k-- and р = т we obtain 


o 
ate) =д/ оу дац, „(ау cos By (дї). 


The integral on the right can be evaluated by a result due to Erdélyi (19540, p. 407), 
so that s 


2  . @ үз Ф + К, ф-т К 
a) St CoH EDS NN ) (3.2) 


Ria) >0, RUL-2k)>0, В >| Вит) | -4. 


Making the desired substutions in (A) and in the left hand side changing u into 1/t, 
we get afler a little simplification and replacing a by p : 


гт, l-k—m 
t r| i :-?] 


_ [ae g+m—k, ф-т | 
=) б, (pe 0, 1=2k-4, 4 Jas | (8.8) 


Now Rathie (1953-54), has shown that 





If o(p) = h(x) 
and | рар) = gle) i ° 
o Tüzm-k (lim—k f“ ti | -k- m, 1-8 п :- 2] tat B 
then op) = Ee |, ж :-2 |g) (В) 


R(l—k X m) > 0 and provided the integral is convergent. 


Since | p^ ***3lag(p) = f(t) 
(8.8) with (A) and (B) gives the theorem under conditions stated 


Example 1. Taking f(z) = a1 Ky, (2/2) 


Dota) pivell py L, 


Oe аа 
2 p = g(p, 


R(p) >0, Buty) >-+. 
во that gix) = PER HD и-не _, (>) 


the Meijer-transform of which is obtained by (2.4) giving 


l-v,i-v 
2-th(p) = tpt’ x , ) 
рр) = {р Goa Pen, фр dom» pou mc y 


Вит) >} 
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qty -2k-3/2 4,1 1—v,i—v ) 
d Ма) = а 

n ) ER мт ee a 

The Laplace Transform of this is given by [Erdélyi, (19544), p. 222], 


рїЁ71-т+зз SE 2k —1—v-48[2, 1—v, 3—v ) 
2 a4\plbty, 4—6, 4+0 ту, ck ту 


[агар] < т, Ril-kim)>0, R(l-2k+vtp) >0 


Ф(р) = 





Hence putting t+m—k = ау, ф-т = а, andl—2k—-4 = b 


@1, 05 )к + 
0, b, 4 aa (20k) da 





we get finally [ o-a” А (pe 
0 
4,2/1,1-v—b, l-v, фу ) 
— ы. — 8.4 
E лай ea 
В) > 0, В+ %) > 0, R(1—a,—b) > 0, R(1—a,—b) >0 
R(1—a,) 2-0, В(1-а,) > 0, В(б+›&дн+4)>0 
which js а particular case of a known result, (Erdélyi, 19545, p. 421) 
Example 2. Taking f(z) = 2 "en bap c (ia) - 
. S pře Wa, (p)zp-"g(p, k< 8/4 


P^(z) being the Legendre's Associated function of the first kind, we get 
g(a) = x *e17W,, „(ж) 


The Meijer-Transform of this by (2.1) is 





p 28/1|/4+m, 4—т, 8k 
wri) En ) 
O= Шр з\р дЕ+и—1, арф, kth 
| R(g)] + | R(m) |< В(2Е) ч 
L|4+m, $—m, Bk ) 
k-3[3 
кр ма) = 26, ш. 9k pp Жи, К+} 
Now using (Erdélyi, 1958, p. 209) 
mn/]|dgY отт 1-5, ) 
anne eee ic (0 





and finding its Laplace Transform (Erdélyi, 1954а, р. 222) 


k—148/2, 8/2- р —2k, 3/2+p—2k, 3— "Y 


-o obtai = р-р Me 
we obtain Ф(р) = р Cm ф-т, фт, 1—87 1 





[ағар | < т, В(р) 2-1, Rl+m-k)>0, R(l-4k+}4) >0 
6——2011Р--4 
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Hence [= b ig (ра 


teme NL )ри- * P(L+a)tde 





0 0, 1—2К—1, $ Зи-{ 
— 1/8/2-- k—1, 3/2-- n —2k, 8/2+m—Qk, 4—К 
UR ra als $—m, k+m, 1—8k ) ee) 
R(p) 21, R(L-2k) > 0, RUl-kim)>0, k à 
E(l-4k--$) > 0, | R(x) |+] R(m) | < R(2k) ; Rk) > [В (т) |- 5. 
4. Theorem 9. If e(p) = Аа) 
| p*-!h(p) = g(a) 
and 22-49 (1[р) = f(x), 
cu EE | z|itm—k,1—m-—k 
ЕСЕ 





provided integral is convergent and R(p)>0 В(—9К):>0, В1—К +т)>0, R(k)—|R(m|-—1. 


Proof. In 8(А) taking Vp) = p'-**-ig(1/p) and preceeding exactly in the same way 
as in theorem 1, we get the theorem on using the followmg one due to Rathie (1958-54, 
p. 6) 


If Ф(р) = h(a) 
and | р-р) = g(z) . 
_U(lim—hk) ү, f° „[—К+т, l-k-m 1 
when ep = 34m | з |, i ; ода D) 


provided the integral is convergent and Ril-k+m) > 0 
Example 1. If we take 





aaa. Горе ——— ht pk | 
ees П)" Р а) 


T'(2y)g- i бы (tr etk 
Tq kx u)T(- E MAN 1-4-oc а) 
= poH eW, р(1[р) = pgp), 

Е(&+р+о) > 0 

во that g(x) = xh osete W, (ш) 





. = Гід tl—2h + о)г(1– 2А – THT), »k-i- 
I(l—8k- or) 


o— ut 1 





vf? u+l+o—2k, и-Ё+{ , 


1-1 |= 1-1} (п. 
l—8k +0 +4 Р шш; 
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Then on finding h(x), its Meijer Transform is given by (2.5) 


pHi (L—8k +0 +4) 
-ktu G-k- — 2k +0 x p) 


4.2 
«X 


Ril+m—k) 20, R(u) «0 





Ф(р) = T 


8/2--k, L+eotl, l-k+ 3 ) 
l-kt+ot+pt+h, l-k—-pto+4,l+m+4,l—mt+4 





Hence we get 


Гете ce 
ò 2,8 p 





íc-m-k, та | S 1% ИО) е 





0,1—2К—{,+ Г-ГО + + е) 
р-н 43/ ТК, Lteotl, l-k+4 ) (4.3) 
 Tü-trpj) SC lL-k+o+p+4, l-k-p+o—h, + mod, lm 





R(p) > 0, В(1—9&);> 0, R(l-m—k) >0, ВЕ Epio) >0 
R(l-2k--c p) 7-0, Вф-от) > 0, Ry) <0 


Example 2, Next taking 

@\...@®А ) : n rtif 1 
= pa ( Бе: 

В,...Вә Atl, p 


(h 8) < (п +r) 
R(c—1) > Rig); j = 1...n 





f(z) = ж-°@" (= 





О 
; larg pl (п +7 68 фв)т 


во that | g(x) = ge Ge MC 


=, €, 
+1, 8 





Qh+ro-l+h, o, а... 


| " , 1 
iQ prt нан rs (i 





Jes) 


R(o +2k—1—4) > RB); j = Len. 


Finding k(x) and using 8(C) in order to find its Meijer-Transform, we get by virtue 
of (2.6) 


&—k—o-m,&—k—ot m, 1—61, UD 


= pèl -e-k т, «E 
e(p) P G $-2k—o-l, l-o, l-a; eeel — 904, $-c 


2+2, А+З p 





Е(ф—0— 1) <- 4 | R(2m) |-- min (1-34) 
i<j <r 


* 2 means that to the expression following it а similar expression with (— д) written in place of и is to be added. 
m-a 
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Hence putting фт =4,,$-m—k = a, and l—-2k—4 = b 








m 223/2|0, “| в Hf D 
-r = а ах _ 
тые: ] А КЕ 0, b, 4 ht g 6:8 
RS Е l+a,—c,1+a,-c,1-8,, oe) 48 
= PUO, s пуз pjb-c,1—o,1—a,..l—a 8-9 68) 





^ 


Rip) > 0, B(b+4) 22 0, В(1—а,) 220, В(1-а,) > 0 
R(1—a,+b) >0, R(1—a,-- b) 20, Re +b) > ВВ, 7 = 1... 
| arg (p) | (n 7-35 — 35), R[&(a, 4 a,) — o] seh ы аа) 


My thanks are due Dr. N. G. Shabde for his guidance and to Dr. B. R. Bhonsle 


for his keen interest in this paper. 


MAHAKOSHAL MAHAVIDYALAYA 
JABALPUR 
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ABEL SUMMABILITY OF THE DOUBLE SERIES 
SUCCESSIVELY DERIVED FROM THE CONJUGATE 
OF THE DOUBLE FOURIER SERIES 


Bv 
Kenneth M, MoMinum, Michigan, U.S.A. 


(Communicated by the Secretary—Recieved May 19, 1958) 


The purpose of this paper is to generalize a result of Misra (1947) to double series. 
Let the Abel sum of the conjugate of the double Fourier series associated with a function 
f(z, y) which is integrable (L) in the cell Q(—m, =r; 7, т) and defined outside of © by 
periodicity be denoted by A(z, y ; r, p). 


Then if K(r,s) = ee 18 Poisson’s conjugate kernel, we have 
1— 2r cos8 +7 


A(z, у; т, p) к f ке, v)K(r, иа) K(p, v - y)dudv. 
Notation. Let Ф/х, у; ү, о) = (+, y +e) -Ке+т, y) - Ка, yt o) +f, y) 
—(—1#[]@—ү, y * e) (т, 9) ie y) fn у)] 


id (ау ye) Кач, 3) fé у—о) fe, у)] 
+ (--1/+[Ае-т, y—e) —}(@-у, y) —{(@, у—о) + Қ, y). 
7 t : 
and Pra (Hs y ; 8, t) = | T руш, y; u,v)dudv where j,k аге positive 
о ‘о 


integers or zexo. 


Theorem. If фуд(ш,у;в,®) = o(s^* t**?) as (8, 0) 0, o(s^**) as в—>0 uniformly 
on 0 « t < п, oft*t?) ав £0 uniformly on 0 < s < s, then 








limit Ө Аа, yin p (amt f f le. yey, о) Poot ay d собо aalo 
(a, 8)20 Oat oy 4п? B a ea yi Ys 9 T e} 


dj dg 
where o = aro sin (1—7), В = are sin (1—р). 


We shall require several lemmas. 





_ 2т—(1+т*) сов ү = 191-270 К(т, ү) = твп 
Lemma 1, If W(r. y) ое, vr, ү) er» Y) үу, 


12% К d*"*iK 


then те = т аш Y V! Pa, dye = ту PSU for n = 0,1,2,..., where P, Py, 
Y 


are polynomials іп т, W, cos y, with Py of degree n and Pg, of degree п +1 іп W. 
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Proof of Lemma 1. The result follows by mathematical induction. 


" d^K 


Lemma 2, dy = 


—— dy = 0for n = 0, 1, 2,. 


=z 


Proof of Lemma 2. This is Lemma 6 of Misra, (1947) and follows frem Lemma 1. 


Lemma 3, If q(r, ү) = Ее then x De (1- o s г) as 
ү = arc sin (1—г)->0, (1—1)?0(1) for y > £ > 0 as r91 with n = 0, 1, 2,... 

Proof of Lemma 8. This is Lemma 5 of Misra (1947). 

Lemma 4, Рот], К positive integers or gero, 


eK(r, y) ) OK ( ane ее (cot 4y) d* (cot (cot e) 
Ө dot 








-{ 9'а(т, ү) б®а(р, 9). eq(r, 220 + ЗЕ, ү) Falp, 2| 
t әү? до» Әү? "eu док 


Proof of Lemma 4. This follows from the definition of the functions conoerned. 


Lemma B, lf ет, у; у, 0) satisfies the hypothesis of the theorem, then 


К Ook 
619» f. en К OE peas = 0(1), (6.12) -f en OE. E dede = o(1), 
sce E Гы ag 
(5.18) -S [o Зи dide = 0(1); (614) = [ [987 90. FA ayde = 00), 


(5.16) -f f Le К ӨК Bop 116 = o(1), (5.16) =f [ 98 E oF dyde = o(1), 


аз [« = arc sin (1—7), В = aro sin (1—p)]0 


OK 
Proof of Lemma 5. Tete — Н denota either С or СЧ. We take general limits over 
fof Sy Sy e 
the rectangle (a, b; о, d) where 0 «a «c «a, 0 « b «d < s and integrate 


1 
(5.20) = Jj f Plg, у; ү, 0) AU SE dydg by parts to obtain sum the of the 
b a 


ЕЕ = US oo в; n/a, узо, d), (6.22) = LISTS ба,у;0,6) 
(5.98) = I a) DE b): ne, у; a, b), (6.24) = E a) pe d)- буулду 
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g 
H g *1H(p, 
(5,25) = Е sj 2) ] Фук (=, у ;a, 0) н, дд, 


(5.28) = OH, о). 


(6.27) = НФ [ Фи, y у, Б) к ! dy, 





(5.28) = UET 9 (2, y, v, d) гав сай dx, 


g 


E "sog gu p DUH ү) GH (p, о) 
(5.29) = |j Palt, у; v, 0 тт Эра атас. 





. | ab 
In consideration of (5,11), let = - 55, 2 = э ; then if we let a0, 


b—0, c = а = аге sin (1—т)=Е0, we have 
(5.22) = C(1)0(1)o(b***) = o(1), 
(5.28) = O(1)0(1)o(d/*!b**1) = o(1), (6.24) = 0(1)0(10(а#*1) = o(1), 


(5.95) — оша f do), (5.27) = ошен ] ay) = о(1). 








If we now let [а = are sin (1--7), В = arc sin (1—p)]0, 
we have (5.21) = of 1 y( 1 Jole вту ой) 
. aiti gr Е 
~ sing 
f +1 (1-р) 5 \ 
(6.23)= of E; веј gt Qo epee. 
Lu cpi 
^ siny 
1 k+1 +1 dp 
(6.29) = (свя o ge f v | @}=‹% 
0 
„етк 
sin ү “| sing 





(1-ry*? 1—-p)? 
(6.29) ros dis dydg | = о(1), 
1 


-= E == р). 
by Lemma 1, whence (5,11) = o(1), 
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In consideration of (5.12), let ЁН = E ЭН = К, thet it we let 550, 
Op Ər ! 90 әй’ 


с=п, а= а = aro sin (1—1) 0, d= arc sin (1—p)=£0, 
we have (5.92) = O(1)O(1)o(b^*!) = o(1), 
(5.23) = O(1)0(1)o(b***) = o(1), (5,27) = ошобо" f dy)= o(1). If we now let 


[а = are віп (1—7), В = arc sin (1—9)]0 we have (5.21) = O(1) Є y g+) = 0(1), 


(6.24)= o( aw) (ae) о(2'% 8+1) = 001), 











" sino 
B (1—р)*° 
(5.25) = o( 3.) vn f ght} i Че {= o(1), 
0 
=p". 
© sing ` 
al (1-^р)Е** 
(5.26) = О(1)о fe wem de |= о(1), 
JUS М 1 
Puppets И 
"UR 
(5.28) = — exp ffa J Fiat узу, 8) È ы D ay 
T ашу ^ 
ё Е 
(1—тр*% 1 
= 1 Е+1 +1 жы kii = = 
У à f: o + O( s. (5 J в) o) +0(1) = ой). 
RET i AQ 
7. вто 
m 1- 1+3 1— k+s 
(5.29) =o f foe aa G-p) dqdo | = o(1) by Lemma 1, whence 
07a 1 1 
(1-7)? _ (G-p. 
(5.12) = o(1). 


| oH. g H _ q 
5.18) = o(1) b l th (5. 14 mE ; th 
( ) = o(1) by analogy with (5.12). For (5.14) we take or Өр! Oe en 


if wo let o = a, d = т, [a = « = arc sin (1—7), b= В = arc sin (1—р)]-20, we have 


(5.21) = (1-т)+0(1)(1—р)*0(1) = о(1), (6.22) = 1—7/0(1) -РУО( тз Jon = 0(1), 
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(5.28) = (1- —170( а)-ро A, pene = ой), . 


8 


(5.24) = (1— -»o( 4. ,Jo- —p)*O(D)o(z*1) = o(i), 


= 1.-9*o( 4, Ja~p) "(^f S. 44), 


(5.26) =(1- офи -p*o( f eae) = o(1), 





7)» a -9*o( у, угу f ЭФ )=°®, 


5.28) (L-p*ouG -*o( f p 


m (ГГ Гуно аа tog 
=a- 1-р) (ff sa dyde ) + PS ыо 
B £ 


(S f xa) )+а- т)#(1—р)#О(1) = o(1) + о(1) + o(1) +0(1) = o(1), by Lemma 8, 


whence (5.14) = o(1 35 Ё 





Н „© ; 
In consideration of (5.15) we take а а OK © Ч ; then if we let c = m, 


of Өр! OF — 
4=т, [a = a = arc sin (1—7), b = В = arc sin (1—p)]—0, 
we have - (5.21) = O- p} ONA) = o(1) 


(5.22) = O(1— »*o( 2. jy o(gF) = o(1), (5.25) = o( иво з pem = o(1), 


ps 
(5.34) = e( 1. роон) о(1), (5.25) = o( 22, a- (en | om) o(1), 


8 
(5.38) = - 98 Ші Ae J Jae Yin, e 997259 а 


= O(1)(1— р) (f ae m O(1) = o(1) +0(1) = o(1), 
B 
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(5.27) = Tni ^ Г) Ур vals 097 Da, Va 


sin 


== 7) p) ge | ys d dy +@-ю®юо( е, (er | dy) 
ш; = 0(1) +001) = (1, 
(5.28), EEA Ге Y; тт) SD dy Va 
sm 
(1—p)*0(1) of fv zu +a-pomo( f ay) =ош = ой), 
€ 
-@—ту+ рњ. 


юзу / [otis oP oed 80900 aya 
siny ` - 


= (1—g)'o f fre udi gir dido аве f f 9 dyde) + | 
В а B ё 
c _ s 


x Ё (1—ry** 
; / p : dydg | +(1—p)?O(1) = o(1)+0(1)+0(1) +0(1) = o(1), 


by Lemmas 1 and 8, whence (5.15) = o(1). (5.10) = o(1) by analogy with (5.15). This 
proves the Lemma, 


Proof of the Theorem. Upon taking partial derivatives irrespective of order, we 








hase vein = | f ns uiuo ina aas 
m дї туж [fof 
=) f f re. ftu gun 2) OP ашу | De f печь чо 


Mg tg Arce 


ЭК (р, 0) aay = 
"ee 1 


o Ж 


cw" f f terete -f(z434,)— fe yo) + fee, pE ү) 





^k = +h T 
x AE o) dudo = ( I J f se у; ү, eae ED because of the 
0 0 


periodicity of f and K and by Lemma 2, 
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We have, from Lemma 4 


FAL, у;т (— 2 d? cob фу d cot 
sedg - Cu f [n дзот Poote дү, 


PPL [f уно и 


Y f fant, vis o[ 926: 9m o, ot n oo, a 
В а. 




















op д дү Oot 
Satr, ү) Эр, o) do, 
ej. ae № 
the right member of which tends to 0 as [a = are sin (1—7), В = arc sin (1— —p)] tends 
to 0 by Lemma 5, thereby proving the theorem. 


MIOHIGAN OOLLEGER OF MINING AND TECHNOLOGY 
HOUGHTON, MICHIGAN, 
U. B. А. 
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ON THE STRESSES DUE TO A NUCLEUS IN THE 
FORM OF A CENTRE OF ROTATION IN AN 
INFINITE. ELASTIC SOLID WITH 
SPHERICAL INCLUSION 


By 


P. P, CHATTARJI AND б, B, Durr, Calcutta. 


(Recetved—July 27, 1959). 


4. Introduction. In this paper stresses in an infinite elastic solid due to a nucleus 
in the form of a centre of rotation at в finite distance froma spherical inclusion have 
been studied. To begin with a general solution has been obtained with an elastic inclusion 
and hence particular cases of rigid inclusion and бауу have been discussed. Numerical 
values of the stresses have also been given for а spherical elastic inclusion when p/p, = 2 
and с = 5, 


9. Formulation of the problem and boundary conditions, The axis of rotation 
is taken to be the z-axis with origin at the centre of the spherical inclusion. The centre 
of rotation 1s at a distance c from the origin where c>a, a being the radius of the sphege. 


In such cases the resultant displacement due to the centre of rotation is given by 
(Love, 1944). 





or P 


where 2P represents the moment of & couple about 2-axis and р, the modulus of rigidity 
of the infinite solid, Using spherical pola coordinates, the only non-vanishing component 
of displacement 18 given by 





P таг, | 2 
илы Г. 7* —2ro сов 0 -+e (2) 
Assuming и, and us бо bezero end vu, = w, independent of 9, two equations of 
equilibrium are identically satisfied and the third one takes the form 
On, ӘӘ 


"бт em Be + у ты cot 8) = 0 9) 
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The general solution of tl.o equation is given by 


w= и, С E ү) Р„соз 6)] (4) 


nem] 


when A, and В, are constants and Р, (cos 6) is the Legeudre’s function of lhi ёга kind 
and nth. degree. For the present problem we assume the solution in the form 


w, = $ ENTER ——[Р(сов 9)], (5) 


outside the inclusion 








and 
S d 
W, = Аъ та n Й (6) 
j 2 mL P» (вов 6) ] (6j 
inside the inclusion. 
The boundary conditions to be satisfied in this case are 
W, = Wy, (7) 
and ES E 
TP, = T$,, on the surface of the inclusion, (8) 
, Suffixes 1 and 2 denote expressions for outside and ‘inside the inclusion. 
8. Solution of the problem. Stresses outside the inclusion are 
att Өш, м] _ 8P . rsin6(r-c.cos 0) _ < (n+2)Bn а р 
T9| = m| ar 7 As (r!—3er сов б + с*)5% 2 peta al «(сов 6)] (9) 
and 9, = | б —w, cot e] 
ЫР ст gin? 6 5 B, | a р 0 d | 
adi —— — [Pu — cot 6—[P 
An (ri —2ro cos 0 + 0%]5 Thu m dg: СР "(005 9] -cot т [Paleos 6)] + (10) 
Stresses inside the inclusion are 
r= Уат [Pleo 8] (11) 
n-1 
~ -1 d* d 
end 09, = us Х Дыт" dii [Ps(cos 6) ] — cot bgt (cos 9] (12) 


n=1 


Tt we take a = 1, on the surface of the inclusion, we have 


са ЧЁ. sin 6 Ё Ув а T Р 
ткт dap, (1+0 – 2с соз 0)5# Л УТ! „(сов 6)], 
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eo 


zu 1 d < d 
= Атри, с^? ggl n(cos 0] + > Ber; LPs(oos 6)], (13) 





па] 





— sp : _ 
— .,9P  sin6 (1—c¢ cos 6) Унна )В A Tp eos 6)], 


45 (Яо сов 0+ chm “1 "10 
PNmn-—1ld d 
Ic LI ag Pal cos 0)] — E ооо 6)]. (14) 
. со d | 
апа w, = > An—[Pnr(cos'6)]. (45) 
T9, =, Ушы 1)4 «Р, (сов 86] (16) 


Boundary conditions (7) and (8) will be satisfied if 





" inn saat Ba zu ` (17) 
2. ии —ш(%+2)В„ = us(n—1)A, (18) 

. 
ee E An e р E: к\т — 1) | tM 
ыы. 1 | (20) 


docu. me ADE) 


Displacement and stress components on the common boundary are obtained from 
(15) and (16) or from (18) and (14) on substituting the values of constants from (19) and 
20) in the form ` 


катмы сылы с 
ü ы? с" (д, ua) (0 +2) + (07 1) ТА! | (21) 








~ PX (n —1)9n 4 1) ies: 
“ uz e", Гра) (42) + (0 —1)] gg P^ (eos 6) (22) 


4. Discussion. (1) When the inclusicn is rigid, ру Эсо and p, = д (вау) 


A, = 0 
(28) 
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Displacement'and stress components on the surface of the inclusion are then 
given by 





w= 0, (24) 
— РХ`?п+1 d 
af S [Р, (соз 6)], ‹ 
т 2 E 291 (cos 8)] (25) 
and 96 = z[ Bom Me ede d " cot б, [Palcos 6)] + (п +1) sm ОР, (cos at (ев) 
Anl(l— 2с cos 6 + 07)5/2 = ов+? ) 


' (2) In the case of a cavity, р, 0 and д, = р (вау), 


Р 2n t1 
а e 27 
dr etun +2) 7) 
В„ = Р.п-1 1 (28) 


rm са u(n + 2) 
The displacement and stress components on the surface of the cavity are given by 


PN 1 .Qn4+1d 
re d Pal 
ПИЯ dap Sort n8 ag Palcos 6) | 20) 


ЖЫ nas al Зс sin? 6 © n-i { 
id Wi c OF Ве cos в + В 2 ien 2 cot 8 7al Palcos 9] 


n (n + 1) sin ӨР, (cos 0} (80) 
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B. Numerical calculations. Numerical results have been obtained im the case of a 
spherical elastic inclusion when д„/ду = 2 and с = 5, Stress component re on the surface 
of the inclusion is shown in the figure above. ‘There are three points on the inclusion at 
0°, 75° (nearly), 180° where the stress is zero. The maximum stress is obtained 
at near about 80°. 


Acknowledgement. Authors, in conclusion, wish their sincere thanks to Prof. 
B, Sen, D.Sc., F.N.L, of Jadavpur University, Calcutta, for his kind advice in the 
preparation of this paper. 
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CERTAIN TRANSFORMATIONS ON UNILATERAL 
AND BILATERAL OPERATIONAL CALCULUS 


By 
Б. К. Gurra, Pilani, Rajasthan 


(Communicated by Dr. S. C. Mitra—Received--May 4, 1969) 


1. In this paper the author has obtained certain unilateral and bilateral relations 
and has contructed some examples in the case of one variable which are believed to be 
new. The author has also obtained Chattorjee’s theorem (Chatterjee, 1958) on exponential 
transfurmation as a particular case. 


2. Let f(z, y) bea function of two variables x and y, defined for all pairs in 
0 « 2 < оо and 0 « y < oo and integrable in every finite rectangle. 


Rzy: 0<<Х,0<у<УҮ. 
If for а pair of complex quantities p and q, the limit of the double integral 


X Y 
_ 4 ] в-27- 0 (c, у) (=, y)dady (1) 


Yo 


where U(z, y) is, Heaviside’s unit function, exists, then evidently the double integral 
90 
tani = f f emme, vizi @ 
0 0 : 


exists and we shall call it the two dimensional Laplace integral for the pair of values 
р and q. If L*z{f} exists, not only for one pair of values р and q but for every pair of 
values (р, q) in certain associated regions of the complex p, q planes, then we call it two 
dimensional Laplace transform of f(z, y). 
If (2) converges absolutely for a complex pair of values p and q then it converges 
absolutely in the complex half planes 
R(p)=>R(p,), R(q)=Rq,)- 


We restrict ourselves to absolute convergence. ‘he determination of the complex 
domain of absolute convergence depends only on the real values of p and q. If it 
co Р verges absolutely for at least one pair of values and q, then m general there is no 
unique pair of convergence half planes but a whole family of ''associated convergence 
half planes", We can illustrate 16 geometrically in the following way." 

For every fixed p = p, > Aj, there is a convergence abcissa a.p.) of g. ТД 
converges for p = Po, q > а,(р,) and diverges for р = Po and q <4,(p,). The vertical 
р = p, is divided into a convergent and divergent ray by the point whose ordinate is 





+ Та the next paper. 
8—9011P—4. 
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a,(p,. Ifp=p,> Pp, then L'nífj converges for p = p, q > a,(p,) and the true 
convergence-abscissa 4,(p,)<a,(po) for pı > ро. Thus a,(p) is a monotonic decreasing 
function and as p increases, it may tend toa finite value or may be equal to a finite 
constant say A, from a certain point onward or may tend to—oo. The inverse of 
q = a,(p)is p = a,(q) for q22 A4, where A, is a number similar to A, with respect to 4 and 
under certain circumstances А, and A, may tend to—co. For the 4 values A, plays the 
same part as A, for p-values. 


If we draw the curves representing 4 = a,(p), then they will have different shapes 
according as a,(p) tends to a finite constant ог is equal to a finite constant or tends 
to—oo. Convergence occurs at all points inside the curves and divergence at all points 
outside, For points on the curve, convergence or divergence may occur. The accurate 
domain of absolute convergence for real (р, 9) is the interior of a curve called the 
convergence charcteristic-curve, In this way, the correspondence of convergence 
half-planes is determined. 


In bilateral transform, we have four integrals 


© о 
L= f f 9722—9002, y)dady converging for pZ-po, >o: 
о "0, 
А MN 
1, = Tf e-??-9f(z, y)dady converging for р2>р,, qd, 
0 ^o | 
К e 
^E = / f «es y)dady converging for р<р,, 924, 
-o 0. | А 
о 40 
L= f f e7 92 9fÉ(y, y)dzdy converging for P&Po, qq». 


А All the integrals. 1,, 1,, I, Io have one-sided double Laplace integrals of paramaters 
(р, d), (p, —9) (—р, Ф and (—p, — 4) respectively. 


If the function [@, y) be such that the four convergence domains when represented 
separately by the convergence characteristic curves over-lap and have a common part О, 
then Q will represent the accurate domain of the absolute convergence of the double 


integral 
© © 
f | e. y)dzdy. 


со -® 


If there is no common domain, then f(x, y) has no two-sided double Laplace 
transform, For points on the boundary of Q, thero may be either convergence or 
divergence. 


To intrepret, we consider the greatest rectangle contained in Q whose adjacent 
sides are parallel to the p and q axes respectively. Then the p values corresponding фо 
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points on the side of the rectangle parallal to the p-axis combined with the 1 values 
corresponding to points on the adjacent side of the same rectangle parallel to the q-axis 
will give the absolute convergence of L?ríf]. These p and 9 values in the complex planes 
correspond to a pair of ''associated convergence strips’. There is no unique pair of 
“associated convergence strips’’ bula whole family of pairs of associated convergence 
strips. Ц the convergence-characteristic curves of I, 1,,1,,1,, consist of horizontal 
and vertical lines only, the common portion Q has the shape of a rectangle and we 
have a single pair of convergence strips. 


8. Theorem 1. (i) Let F(p,, Pa) = (z,,2,) 5f (x,, ж„) U (z,, 2,) in a pair of associated 
halfplanes Hy, H,, say. 
(0) ew GO pp" = ай (А, ач), M770, t= 1, 2 


in the half planes D,(i = 1,2) say, where Dy, represents the mitt Е(р):>0 and 
e vip) fU (ра) }® ie bounded and integrable in (0, eo) in py; 


(Hi) Кан 2,)(m,2,)!/*71 is absolutely integrable in (0, ос) ina, and 21. 





Then - Кір, pa) = Ра [ » hp, zu. eden w,)de,dz, —- 


= (x,2,)"ff{or*(a,), o; (2, o, (21) e, (21) 
provided that the integral on the right ia absolutely convergent in a pair of associated 
convergence strips, : 


(iv) ей) ts differentiable in x, 


(v) иж) tends to zero or infinity as ау tends to zero and tende to infinity or 
zero as x; tends to infinity, е | 


(vi) ay = ^ '(sj/*) = УК), gr! being the inverse of qi The latter condition 
and (iv) can be replaced by the condition that ФК) 18 monotonte. 


Proof. Consider the integral 





Iz nef [= Pei Ра (аа) "(Е 1), Pak (are) Bor (,)Ф, (2,)dz, dz,. (1) 
Let us write 8; = eia). 
Then кеё (jo (д) dz, = dsj, 
I = ЫР? J f eg Piva (81) pid. ln) Ier чыып f(8,, 83)/8,9,) de ds, (2) 
0 0 


Now making use of (ii) we get 


© © © 
= тз iB (s.s fas ds dns, f / etn mig gi (p, v, )ha(ps, 2dz,de, | 
о "o TA оо 
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On changing the orders of integrations which is permissible in view of absolute con- 


vergence of the v- and s-integrals, we have 


1 = з f [ 2а, (ра, 2) (з, а f | (8,85) ке па, (в, sa)ds,da,} 
0 0 0 0 


= ni [Г] В\(р,, z;)hs(p,, =) (£1, tade, ах, 
оо 


== K(p,, Ps) = (z,2,)" Де, (a), 94^ (аа) (EPa (2) (8) 


We have established the theorem under the most stringent conditions, Many of 
the conditions can now be waived, It is sufficient if (i) h, (p,, Z1) h(p,, z,)F(z,, 2) ів 
absolutely integrable in (0, ос) in each of the variables z,, and z, in a pair of associated 


convergence strips, 
and (c 2," {9 (0,), (а, 91 (E) o, (T) 


being bounded and integrable in (0, оо) in each of the variables z,, and 2. 


Cor. 1. Inparticularlet Ф) = а, (i = 1,2). Then (в) = s^ 
Algo let k=2,m=p, 
Then F(p,, Pa) = (@%s)*f(®,, та) U (ey, ту) . 
вїпсө eM Gk (pmi = zh а), assuming that lp; d 
we get e 709 (р) = А, В) 
But етмо (go) = (2 ata orate, (э. 


Therefore by the Uniqueness theorem, 


Uh, В = (2 Y eioen, (сы) 





) -(- з ) 


x F(t, t,)dt,dt, 


eo - : 
Therefore I = PiPs f Г (Atta) pense.) ивр, _ Py 
j 2) Мы (gts 
= (ne f(x, 2,3) 
Cor. 9. Let k=-1, т = у. 


т = (Ay) УЖ )”%/,(2(А41д%) 





since 


wo have by Uniquenss theorem —  &h,(Ai, t) = Ат "(17 (Gut). 
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о © M 
І = apa | / (рур)  "(£,0,)271J,(2(p,1,)12)J, (2(p,t,) YF (,, „аай, 
0 0 


4. As applications of theorem I, for one variable only, we shall find some one- 
dimensional correspondences, 


(а) Let us take the operational relation 
prenel" = MJ #(ax4)U(x), a2» 0, Rip) > 0, n 220, В(А) 2-1 


we have, when Bel, k=2 


М2 
F(p) ra pieces ( 2) JA(2 'ax)*) 








sinse F(p) = (z)tf(z) 
A-D, 
fla) =" Jn’ аа. 
by the Uniqueness theorem. On substituting for F(t) and f(x), we gt on simplication, 
: | œ + -1 
= Pf -pi iy -ady = È I ME 
when v=0 am | в-Р р-(2(5 0-16-91 = m a (2(axt)) 
| fae 2t 
(0) Let F(p) = perth (2) nas. 
when у 20, k =-1 
| m 
then Те = (Z V 58129. 
c \a 
И 
or f(x) = АВ JA (2(a2)*) 


+ 1 
Thereforé ~pa*? | Ai 4°) Jecte-rat а sanan) ) R(A)>—} 
Д ) 


(c) Let Е(р) = и {2( = в-ва erfo( а jue 





- R(p) 2-0, a0 


Then аа) = [a(* Je —at ес ( z 
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Therefore fiz?) = 1 [zoe — at erfc (2 )} 
тї Qu 


when k= 2, v=0 





p f orh ER -atg | 2 e-u 2 ont, (8 } 
henee al з Di бїз e dt IL = (= \ 
(d) Let F(p) = (apt ^mt»? K, (apt) т lom ent ig- efe T emn „(уса 
(m + n)! dg 
when у = 0, А = 2 
tn 2 
then f(a) = (- Tut ү loamentig— -te~ alla) J 0) п) 0а); 


after some reductions, we get 


eB К -рч(8)р _ (52. ) m+n? Ht at 
: e ati i K,(ati)dt 


(2x)* 
9 s 1 (- Туи И à а? ) 
= А47 O Mlo ala) MES S 
(; ax (m+n)! 5 mal 4а? xc) 


‚ (в) Similarly, when v= 0, k = –1 


| 9 > Ту үт рута | ат 5 
= фея * н d = ( = —a'z[A Т (т) ) — 
.—p | J (2(pt)*)t K,(att)dt = — P \ imn) ° T5)! L "ec p ml —l 


() 1% 0р) = авт (2007 2 ys J (2(02))J (2(bz)9) U (a). 
R(p), Rv) >0 and ab a and b аго positive. 


Therefore, f(x?) = (1/2)J,(2a25)J (8b*2)U (ж), 
Hence from the theorem, we geb, when k = 2 


P i 6-21-10 _ (ds je era (360007 в = 1 J,(2atz)J (21а) 
(Qr) J 


(g) Similarly, we get, when k = —1 
n f. лад (2E preter beat = 1 1(2( F(Y). Ro) 9-4 
о’ z c 


ф) Let РФ) = apris (api) = Leeroy, juta. 
© 
К(р) —0, а> 0, n £v2-—1. 


ES xb rugs a? 
Then when k = 2 fla) = xa ree, ( £2) 
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Hence by the theorem, we get, 
P. Г -PK88 n. АЕ = 71g 728-1 efe ( a ) 
Cr, в "A tji s (att)dt = a71g79n71e7* | Wa a JU. 
' 


(1) Similarly by the theorem, when k = – 1 


~p f IRPHa idt = arcem, (9). qna. 
0 


B. Theorem. 2, The definition Integral in this case we take to be 


^D © 
Lwi = f f «fe. y)Ute, y)azdy 


2 Ix 
( Let F(p,, Pa) = f(zi, 2)U(z,, $4), 
where Ly*f(U] is absolutely convergent т а pair of associated half planes Hy, Hy, for 
i= 1,2. 
(ii) e MG) = h (An дү) (ш), i=1,2  AX»0 
and Lnfh,, ug is absolutely convergent in the half planes Dy, (say), defined by R(p) > 0 
and yi(p;) is bounded and integrable in (0, co). Then 


— PiP: h ] P(e, 23) 4 d 
K(p,, Pa) (log Г ibi х1) 1, (рз И i т, 





= Да", аз} ф,/(ш,)Ф„/ (24), | 47220 
F(x, To) 
2 


vv? 
each of the variables and f{a), a%()}o,/\2,)9,/(¢,) is bounded and integrable in (0, со) 
in each of the variable x, and z,. 


It is sufficient if h,(p,, 2,)h,(p,, £a) is absolutely convergent in (0, оә) in 


The proof is on the same lines as before, The condition (v) of Theorem 1 becomes 
ет) tends to zero as 2; tends to —оо and to оо ав z, tends to оо. 


The theorem is established under conditions similar to those of theorem 1, 
(Chatterjee’s theorem 1 on p.24 (Thesis) is a particular case of this theorem when 
we put a = e) 7 


6. Theorem 3. (i) Let в-2 1988 -p.108 ^P (p,, pa) = На, —ва, я. — 106 b} U(z,, x, 
(a, b > 1) 


where L?pff, U} is absolutely convergent т a pair of associated half planes Hy, and Hy, 
fori= 1,2., 

(ii) - Е eTA WP) = ҺА, x) 
where A;>0, Lit(f, U} is absolutely convergent in half planes Dp, (say) definedby В{р;)>0 
and further let 


o a 
/ f e-na Paf le, —kga, 2, log В} 42, 4х, 
о `o | 
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be convergent uniformly and a continuous function of p, p, for values of p,,p, in 


Е Tore a F(E 2a) 
Then, К(р,, Do) = pips | [ h (ра, 2 )ha(Pas z,)dz, dv, x a teet mets 
us dz, dz, 


212: 
= А. (т) —log a, Palza) — log bie; iz,)e; (£a). 
It is sufficient if А, (р,, v) hs4(p,, T үш ы [oco Z Z1 2a) ) is absolutel 
1001, Pilta Ра, 25 dz,dz, тїї, y 
convergent in (0, оо) in each of the variables and 
Де, (21) 7 log a, 9;(2,) — log bjor (Tips e.) 
is bounded and integrable in (0, oo} in each of the variable z, aud z, 
Proof. Let us consider the integral 
t= pipa | / emre Pf (а) —log a, Ф, (20,) – log Ulo,'(2,)o,'(v,) аах, 
о "0 
Е filz) — log a, 9;(2;) —108 6$." (2,)o;' (23) 
Tf we put 8; = oe), % = е Ца} = 4, (8+), 


then 1 = pipa | | осоо мәе, ов а, 8, — log Ь} 43. ds, 
0 0 


= „0 © 
= рр. | [ f(s: —log а, 8,—]og b)da,d858,84 ff eman teh p, 2,)h.(ps, 2,)dz, dm, 
0 0 0 0 


= © ao d? aD 
S рур» | f hy (Py, 2y)ha(Pa, £a) x f fees а, ва —log b) 
о ‘о о "о 


67 -tads ds d dus, 


Р 
= рур, f f №, (Pr 21), (рь тре =a,loga—z,logb Teus 5\4, dey, 


The change in the orders of integrations baing juctifiable’ by the conditions of HHS 
theorem, 


The author wishes to thank Dr. S. C, Mitra for his suggestions and guidance in the 
preparation of the paper. 
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DISTRIBUTION-THEORETIC OBSERVATION ON 
THE BORN SCATTERING FORMULA 
(FIRST APPROXIMATION) 


By 
Р. К. @новн, Calcutta 


(Recewed— July, 8. 1959) 


ТЬ is of interest to note what type of scattermg potentials V(r) would give 
mathematically meaningful resulte for the Born formula for scattering (in the first 
approximation). Schwartz’ theory of distributions a very suitable means to this end. 


We consider the scattering of a beam of particles by a field V(r), We have to solve 
the wave equation 
V + [k? -U(r)]y = 0 
where A? = 8r?mB/h*, U(r) = 8;^mV(r)/h* and where $ must have the asymptotic 
form 
4 y ~e + 1716900) (2) 
i.e., the solution ү of the wave equation must represent at a large distenee from the 


scatterer an incident wave, 6° and а scatteréd wave, r-!e'*'f(6), 


V satisfies the integral relation (Mott and Massey, 1949, p. 117) 


бегени тент. foxp [ -ikr 0 (ре) (8) 


where nis the unit normal in the direction of r, so that 
п = (sin 0 сов Ф, sin б sin Ф, сов 0) 

То obtain the first approximation for f(6) we assume that the wave is not much 
diffracted by the scattering centre, We may then replace Yir’) in the integral (8) by 
the unperturbed wave function e''. The approximation is only valid for fast particles. 
Thus we have from (2) and (8), by dropping the dashes | 


f(8) = -5 fep [ik(n, — n)-e] U (ridr (5) 


where n, is the unit vector along the z-axis (Mott and Massey, 1949, pp. 110-7). 


16 is at this point that we bring in the theory of distributions to interpret the 
integral on the right hand side of (5). In the important case of scattering by the 
Coulomb field this integral does not exist ш the ordinary sense, Wentzel (1027) and 


9—9011P—41 
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Bethe (1980) brought in additional physical assumptions to give a meaningful result. The 
result was given mathematical justifications without bringing in any physical assumption 
by the methods of summability of divergent integrals by the author (Ghosh, 1047, 1948, 
1949, 1950), This method also applies to a range of power laws other than the Coulombian 
one. We shall now interpret the right hand side of (5) in а distributional sense. If (6) 
be a distribution, then in general |/(6) |* is not defined (Schwartz, 1954). Во only those 


U(r) are permissible which give а meaningful | /(6) |. 


The right hand side of (5) may be written as 
- foxp [ — 2110-2] U(r)dr (6) 
T ` 


where 214 = k(n—n,). во that 2л = k|n—n, |= 4r sin 30/^, 
А = 27| = h/mv. The integral in (6) is the Fourier transform FU (r) of U(r). 


Let us now examine Fr" various values of m (real or complex) (Schwartz, 1951, 
p. 118-4) 





mus 1 іт +3) (и 
E one me MERO (1) 


for all m other than 2h, —8—2h, h, integer >0 When Re(m т) > 0 ог «:—8, r^ is to be 
understood in the sense ofa pseudofunction (or partie finie) [Schwartz, 1950, p. 88-49]. 
For the exceptional values of m 


»- CEN : 


(ры) = fasi es Lap I- D) (9) 


TUA D(8c-h) hl Г@ +h) 
where y is Euler's constant; the sum 1+4+... +1/h has to be replaced by 0 for h = 0. 
In particular for m = 8, 


F(pt.1) = T [mew E T 3 (10) 


1) IY ( a ( (3) ) 

ше) = LM l.p 

F( n= 559/8 Pt p t й —} T) edn т Jà (11) 
In the case of Coulomb potential m = 1 and we get at once the usual result 


from (7), 


Now we see at once from (7)-(11) that | f(@) |? would be meaningful in al cases 
except when 


U(r) = Ors 
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and U(r) = C1nr, (C = const.). 


Thus if the scattering force varies directly as any odd power of the distance or varies 
as inverse distance the Born scattering formula would lose all meaning. These two 
exceptions arise because in these two cases | f (6) |? would involve products of two singular 
functions (distributions) which do not make any definite sense. 


Another interesting case to be noted is the case of 
U(r) = Cr-® 
In this case, the exact series solution cannot be determined because of the nature 
of the singularity atthe origin and the indeterminacy of phase (с{., Mott and Massey, 
1949, p. 40-1); but on interpretation of FU(r) in the distributional sense, the Born 
scattering formula gives a meaningful result. 


We may also note here that 8" (r), Pf, r79-5 pf r-*-^ In r, Pf, 778-4 In?r, ele. have 
Fourier transforms whose squares are defined in the ordinary sense [Gelfand i Shilov, 
1958, p. 225]. Thus these potentials would also give a meaningful expression for the 
Born scattering cross-section. 


When in an atomic field the charge density is brought in to calculate the field and 
thence the atomic scattering factor similar considerations apply. 


In the relativistic case also the above considerations apply since in this case also the 
equare of the absolute value of the Fourier transform of the potential is involved in the 
expression for the scattering cross-section (cf. Mott and Massey, 1949, p. 120). 
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Pitt, H. R.,—Tauberian Theorems: Tata Institute of Fundamental Research 
Monographs on Mathematics and Physics, No. 2, Oxford University Press, Calcutta 
(Indis), 1958—174 pp. Rs. 22°50. : 


This is a treatise written by a specialist for those who are devoted to the study cf 
Yauberian theorems and thei appliextions in the theory of primes. There are six 
chapters on the following topios. 


Chapter I,—Introduction, Abelian transformations, Tauberian theorems, Mercerian 
theorems, Miscellaneous Tauberian theorems and the prime number theorem, 


Chapter II Elementary Tauberian theorems, Tauberian conditions, Elementary 
general Tauberian theorems. 


Chapter III,—Classical Tauberian Theorems, Transformation of the kernel, Cesàro 
and Riesz summation, Ábel summation, Borel summation. й 5 


Chapter IV.—Wiener's Theory, Fourier integrals, Wiener's Tauberian theorems 
Some extensions of Wiener’s theorems, Applications to special Tauberian theorems. 


Chapter V.—Mercerian theorems, Fourier-Stieltyes transforms, Geneaal Mercerian 
theorems, Some special Mercerian theorems, Further extensions and applications to 
integro-differential equations. 


Chapter VI.—'Tauberian Theorems and the Prime Number Theorems. The Landau- 
Ikehara theorem, Classival proofs of the prime ‘пить эг theorem, The elementary proof 
of the prime number theorems and related Tauberian theorems. 


The manner of exposition 1з very stimulating. ‘The bibliography at the end of the 
book will be very useful to the active workers in the field. 


The production of the book is excellent and the editors of the series nre to be. 
congratulated for their success, 


M. ЮОбттА, 


All correspondence with the Society, subscriptions to the Bulletin, admission fees. 
and annual contributions of members are to be sent to the Secretary, Caloutta 
Mathematical Society, 99 Upper Circular Road, Caleutta-9. - 


Pepers intended for publication ın the Bulletin of the Society, and all Editorial 
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from the Society’s office, ог from its agents—Mossrs. Bowes & Bowes, Booksellers and 
Publishers, 1, Trinity Street, Cambridge, England. 


NOTICE TO AUTHORS 


The manuscript of each paper communicated for publication in this Journal should 
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References to literature in the text should be given, whenever possible, in chrono- 
logical order, only the names of the authors and years of publication, in brackets, being 
given. They should be cited in full at the end of paper, the author’s name following form, 
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